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Abstract 

A unitary representation of a, possibly infinite dimensional, Lie group 
G is called semi-bounded if the corresponding operators idn{x) from the 
derived representations are uniformly bounded from above on some non- 
empty open subset of the Lie algebra g. In the first part of the present 
paper we explain how this concept leads to a fruitful interaction between 
the areas of infinite dimensional convexity, Lie theory, symplectic geome- 
try (momentum maps) and complex analysis. Here open invariant cones 
in Lie algebras play a central role and semibounded representations have 
interesting connections to C*-algebras which are quite difi'erent from the 
classical use of the group C*-algebra of a finite dimensional Lie group. 
The second half is devoted to a detailed discussion of semibounded repre- 
sentations of the diffeomorphism group of the circle, the Virasoro group, 
the metaplectic representation on the bosonic Fock space and the spin 
representation on fermionic Fock space. 
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1 Introduction 



In the unitary representation theory of a finite dimensional Lie group G a central 
tool is the convolution algebra L^{G), resp., its enveloping C*-algebra C*(G), 
whose construction is based on the Haar measure, whose existence follows from 
the local compactness of G. Since the non-degenerate representations of G* (G) 
are in one-to-one correspondence to continuous unitary representations of G, 
the full power of the rich theory of G* -algebras can be used to study unitary 
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representations of G. To understand and classify irreducible unitary represen- 
tations, the crucial methods are usually based on the fine structure theory of 
finite dimensional Lie groups, such as Levi and Iwasawa decompositions. Both 
methods are no longer available for infinite dimensional Lie groups because they 
are not locally compact and there is no general structure theory available. 

However, there are many interesting classes of infinite dimensional Lie groups 
which possess a rich unitary representation theory. Many of these representation 
show up naturally in various contexts of mathematical physics ( [CaSSj . |Mick87| . 
|Mick89| . [PS86] . |SeG81j . |CR87j . [Se58] . [Se78] . [BakOTQ . The representations 
arising in mathematical physics, resp.. Quantum Field Theory are often char- 
acterized by the requirement that the Lie algebra g — L(G) of G contains an 
element /i, corresponding to the Hamiltonian of the underlying physical system, 
for which the spectrum of the operator i ■ dn^h) in the "physically relevant" 
representations (tt, Ti.) is non-negative. These representations are called positive 
energy representations (cf. [Se67) . [Bo96) . |SeG81j . |FH05| ). 

To develop a reasonably general powerful theory of unitary representations of 
infinite dimensional Lie groups, new approaches have to be developed which do 
neither rest on a fine structure theory nor on the existence of invariant measures. 
In this note we describe a systematic approach which is very much inspired by 
the concepts and requirements of mathematical physics and which provides a 
unifying framework for a substantial class of representations and several inter- 
esting phenomena. Due to the lack of a general structure theory, one has to 
study specific classes of representations. Here we focus on semibounded repre- 
sentations. Semiboundedness is a stable version of the positive energy condition. 
It means that the selfadjoint operators jd7r(a;) from the derived representation 
are uniformly bounded below for all x in some non-empty open subset of g. Our 
long term goal is to understand the decomposition theory and the irreducible 
semibounded representations by their geometric realizations. 

The theory of semibounded unitary representations combines results, con- 
cepts and methods from several branches of mathematics: the theory of con- 
vex sets and functions in locally convex spaces, infinite dimensional Lie theory, 
symplectic geometry (momentum maps, coadjoint orbits) and complex geom- 
etry (infinite dimensional Kahler manifolds and complex semigroup actions). 
In Sections 2-5 below, we describe the relevant aspects of these four areas and 
recall some basic results from jNe08| INe09aj . A crucial new point is that our 
approach provides a common functional analytic environment for various impor- 
tant classes of unitary representations of infinite dimensional Lie groups. That 
it is now possible to study semibounded representations in this generality is 
due to the recent progress in infinite dimensional Lie theory with fundamental 
achievements in the past decade. For a detailed survey we refer to |Ne06) . A 
comprehensive exposition of the theory will soon be available in our monograph 
with H. Glockner |GN09| . 

For finite dimensional Lie groups semibounded unitary representations are 
well understood. In [NeOOj they are called "generalized highest weight repre- 
sentations" because the irreducible ones permit a classification in terms of their 
highest weight with respect to a root decomposition of a suitable quotient al- 
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gebra (see Remark 15.51 for more details on this case). This simple picture does 
not carry over to infinite dimensional groups. 

We now describe our setting in some more detail. Based on the notion of 
a smooth map between open subsets of a locally convex space one obtains the 
concept of a locally convex manifold and hence of a locally convex Lie group 
(cf. |Ne06| . |Mil84| . |GN09| V In Section [3] we discuss some key examples. Let 
G be a (locally convex) Lie group and g be its Lie algebra. For a unitary 
representation (7r,7i) of G we write ir^ig) '■= '!^ig)v for its orbit maps and call 
the representation (tt, H) of G smooth if the space 

n°^' -.^{veH: TT^' e C°°(G,H)} 

of smooth vectors is dense in Ti.. Then all operators id7r(x), x € Q, are essen- 
tially selfadjoint and crucial information on their spectrum is contained in the 
momentum set I-^ of the representation, which is a weak-*-closed convex subset 
of the topological dual g'. It is defined as the weak-*-closed convex hull of the 
image of the momentum map on the projective space of Ti.°°: 

$,:P(W°°)^g' with ^^(M)(x) ^1 (^4^)-"'") for[v]^Cv. 

I {v,v) 

As a weak-*-closed convex subset, /,r is completely determined by its support 
functional 

: g ^ MU {oo}, s^(a;) = — inf(/7r,.T) = sup(Spec(id7r(x))). 

It is now natural to study those representations for which Stt, resp., the set 
/tt, contains the most significant information, and these are precisely the semi- 
bounded ones. As we shall see in Remark 14. 8[ the geometry of the sets I-^ is 
closely connected to invariant cones, so that we have to take a closer look at in- 
finite dimensional Lie algebras containing open invariant convex cones W which 
are pointed in the sense that they do not contain any affine line. 

For finite dimensional Lie algebras, there is a well developed structure theory 
of invariant convex cones ( [HHL89] ) and even a characterization of those finite 
dimensional Lie algebras containing pointed invariant cones ( |Ne94) . |Neu99j : 
see also INeOOj for a self-contained exposition). As the examples described in 
Section [S] show, many key features of the finite dimensional theory survive, but 
a systematic theory of open invariant cones remains to be developed. A central 
point of the present note is to exploit properties of open invariant cones for 
the theory of semibounded representations, in particular to verify that certain 
unitary representations are semibounded. In Section [7] we discuss two aspects 
of semiboundedness in the representation theory of C*-algebras, namely the 
restrictions of algebra representations to the unitary group U(,4) and covariant 
representations with respect to a Banach-Lie group acting by automorphisms 
on A. 

Section [8] is devoted to a detailed analysis of invariant convex cones in the 
Lie algebra V(S^) of smooth vector fields on the circle and its central extension. 
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the Virasoro algebra Oir. In particular we show that, up to sign, there are only 
two open invariant cones in V(S"'^). From this insight we derive that the group 
Diff(§^)+ of orientation preserving difFeomorphisms of S"'^ has no non-trivial 
semibounded unitary representations, which is derived from the triviality of all 
unitary highest weight modules ( |G086| ). As one may expect from its impor- 
tance in mathematical physics, the situation is different for the Virasoro group 
Vir. For Vir we prove a convexity theorem for adjoint and coadjoint orbits which 
provides complete information on invariant cones and permits us to determine 
the momentum sets of the unitary highest weight representations. In particular, 
we show that these, together with their duals, are precisely the irreducible semi- 
bounded unitary representations. Our determination of the momentum sets uses 
the complex analytic tools from Section [5l which lead to a realization in spaces 
of holomorphic sections on the complex manifold Diff(§^)-|_/S^. This manifold 
has many interesting realizations. In string theory it occurs as as a space of 
complex structures on the based loop space C^(§^,R) ( [BR87| ). and Kirillov 
and Yuriev realized it as a space of univalent holomorphic functions on the open 
complex unit disc ( [Ki87] . [KY87j ). Its close relative Diff (S^)/ PSL2(K) can be 
identified with the space of Lorentzian metrics on the one-sheeted hyperboloid 
(cf. jKSSS] ), which leads in particular to an interpretation of the Schwarzian 
derivative in terms of a conformal factor. 

In Sections [51 and [TUl we continue our discussion of important examples with 
the automorphism groups Sp(7i) of the canonical commutation relations (CCR) 
and 0(7i) of the canonical anticommutation relations (CAR). Geometrically, 
Sp{H) is the group of real linear automorphisms of a complex Hilbert space 
H preserving the imaginary part w{x,y) := lm{x,y) of the scalar product 
and 0{H) is the group of real linear automorphisms preserving its real part 
f3{x,y) := Re{x,y) (cf. |BR97| ) . Section [5] is dedicated to the Fock represen- 
tation of the (CCR). Here we start with the unitary representation {W, S{'H)) 
of the Heisenberg group Ileis(H) on the symmetric/bosonic Fock space S{Ti.). 
The group Sp{H) acts naturally by automorphisms ag on Ileis(H) and W o Ug 
is equivalent to W if and only if g belongs to the restricted symplectic group 
SPros(^)) its antilinear part 172 is Hilbert-Schmidt. Since the Fock repre- 
sentation of Heis(H) is irreducible, this leads to a projective representation of 
Spj.(,g(H) on S{H). We write Spj.gg(H) for the corresponding central T-extension; 
the metaplectic group f [Se59| . [Sh62| . [SeGBli Sect. 5]). Using a quite gen- 
eral smoothness criterion (Theorem IA.4P , we show that this group carries a 
natural Banach-Lie group structure and that its canonical unitary represen- 
tation on S{T-L) (the metaplectic representation) is smooth. From an explicit 
formula for the corresponding Lie algebra cocycle, we derive a natural presen- 
tation of this group as a quotient of a semidirect product. We further show 
that the metaplectic representation is semibounded and determine the cone of 
semibounded elements. The combined representation of the semidirect product 
Ileis(H) XI Sp;.(,s(H) is also semibounded and irreducible, and, using the tools 
from Section [5l we show that its momentum set is the closed convex hull of a 
single coadjoint orbit. 
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In Section [TO] we then turn to the (CAR), for which we consider the repre- 
sentation on the fermionic Fock space K{Ti). Here we hkewise obtain a projec- 
tive representation of the restricted orthogonal group Ores(H) ( |ShSt65| ). With 
completely analogous arguments we then show that the corresponding central 
extension Ores {'H) is a Lie group, the metagonal group, whose representation on 
A{H) (the spin representation) is smooth and semibounded. We also prove that 
the momentum set of the even spin representation is the weak-*-closed convex 
hull of a single coadjoint orbit. Our discussion of the bosonic and fermionic 
Fock representations are very much inspired by the construction of the meta- 
plectic representation in |Ve77| and the presentation in |Ot95| . For finer results 
on cocycles and connections to physics we refer to |Lm94| . |Ru77| and |SeG81| . 
For a more detailed discussion of the metaplectic and the metagonal group, see 
rVe90] and |Ne02al Sect. IV.2]. 

The example of the orthogonal group Orcs(H) is particularly instructive be- 
cause it shows very naturally how semibounded representations enter the scene 
for infinite dimensional analogs, such as Orcs(W), of compact groups, for which 
one rather expects to see bounded representations such as the spin representa- 
tion of Oi{H) (cf. [Ne98| ). In many cases, such as for Oi{H), the class of groups 
with bounded representations is too restrictive to do justice to the underlying 
geometry. What makes the larger groups more interesting is the rich supply 
of exterior automorphisms and the existence of non-trivial central extensions 
encoding relevant geometric information. 

As our examples show, the process of second quantization, i.e., passing from 
a one-particle Hilbert space to a many particle space, destroys norm conti- 
nuity for the representation of the automorphism groups. What survives is 
semiboundedness for the centrally extended groups acting on the many particle 
spaces. This is closely related to the fact that Lie groups of non-unitary maps 
on a Hilbert space 7i, such as Spres(^) have unitary representations on the 
corresponding many particle spaces. In physics language this means that "un- 
physical symmetries" of the one particle Hilbert space may lead to symmetries 
of the many particle space (cf. |Ru77| ) . In the context of finite dimensional 
Lie groups the analogous phenomenon is that non-compact matrix groups have 
non-trivial infinite dimensional unitary representations. 

We hope that the detailed discussion of three major classes of representations 
in Sections ISlfTOl demonstrate the close interactions between convex geometry, 
complex analysis and Lie theory in the context of semibounded unitary repre- 
sentations. Presently, this theory is still in its infancy, but a general picture 
appears to evolve. One major point is that understanding semibounded unitary 
representations requires a good deal of knowledge on open invariant cones in 
the corresponding Lie algebra g and, what is closely related, information on the 
set Bggq of semi-equicontinuous coadjoint orbits 0\, i.e., orbits for which the 
function x ^ sn\iO\{x) is bounded on some non-empty open subset of q. Note 
that for any semibounded representation the momentum set /tt is contained in 
gggq. In many important cases the methods developed in Section [5] provide a 
complete description of 1^ in terms of generating coadjoint orbits. 

The main new results and aspects presented in this paper are: 
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• Section [S] provides tools to verify that unitary representations can be re- 
alized in spaces of holomorphic sections of line bundles and to calculate 
their momentum sets. Here Theorem IS.lll is the key tool. 

• The smoothness of the action of a Banach-Lie group on the space of 
smooth vectors proved in [NelO| is applied in our context in two essen- 
tial ways. In Section [3] it provides a Hamiltonian action on F{H°°) for a 
unitary representation of a Banach-Lie group, and in Section [7] it relates 
a C* -dynamical system (A, H, a) and corresponding covariant represen- 
tations satisfying a spectral condition to semibounded representations of 
semidirect product Lie groups of the form \]{A°°) x H . This leads in par- 
ticular to the remarkable conclusions in Theorem [7771 which are based on 
elementary properties of invariant cones. 

• The analysis of the convexity properties of adjoint and coadjoint orbits 
of V(S^) and Oir is new. It leads in particular to an identification of the 
class of irreducible semibounded representations with the unitary highest 
weight representations and their duals (Theorem 18. 22p . 

• The insights that the Fock representations of Sp^(,g(H) and Oj-csCH) are 
semibounded seems to be new, and so are the results on adjoint and coad- 
joint orbits of the corresponding Banach-Lie groups. 

For finite dimensional groups, the first systematic investigation of unitary 
representations {n,H) for which the cone {x £ g: STr{x) < 0} is non-trivial for 
non-compact simple Lie groups (which are necessarily hermitian by [VinSOj l 
has been undertaken in the pioneering work of G. Olshanski ( |01s82| ). Based 
on the powerful structure theory for invariant cones developed in |HHL89| by 
Hofmann, Hilgert and Lawson, we were eventually able to develop a general the- 
ory for semibounded representations of finite dimensional Lie groups, including 
a classification and a disintegration theory ( [NeOO] '). We hope that one can also 
develop a similarly rich theory of complex semigroups and holomorphic exten- 
sions, so that C*-algebraic tools become available to deal with direct integrals 
of semibounded representations. In [Ne08| we undertook some first steps in this 
direction, including a complete theory for the abelian case (cf . Theorem 15. 2p . 
What is needed here is a good theory of analytic vectors, which becomes a 
tricky issue for infinite dimensional Lie groups. Up to now, existence of an- 
alytic vectors is only known for very special classes of groups such as certain 
direct limits f [Sa91| ) and the canonical commutator relations in Quantum Field 
Theory ( [Re^ . [He7T] V 

If ii" is a compact simple Lie group and £{K) := C°°{S^,K) the correspond- 
ing loop group, then the group Tr :— T — K/Z acts smoothly by rotations on 
C{K) and also on its canonical central extension C{K) by T, which leads to the 
"smooth version" C{K) :— C{K) x T of affine Kac-Moody groups. For these 
groups positive energy representations are defined by requiring the spectrum 
of the generator of Tr to be bounded below in the representation. Similarly, 
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one defines positive energy representations of tlie group Diff(§^)+ of orienta- 
tion preserving diffeomorphisms of the circle. Various aspects of the theory of 
irreducible positive energy representations were developed in [SeGSlj , |GW84| , 
[PS86] and |TL99al lTL99b] . but only in [PS861 Sects. 9.3,11.4; Prop. 11.2.5] one 
finds some attempts towards a decomposition theory. 

Positivity conditions for spectra also play a key role in I. E. Segal's concept 
of physical representations of the full unitary group U(7i) of a Hilbert space H, 
endowed with the strong operator topology f [Se57| ). Here the positivity require- 
ments even imply boundedness of the representation, discrete decomposability 
and even a classification of the irreducible representations. 
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2 Semi-equicontinuous convex sets 

Let E' be a real locally convex space and E' be its topological dual, i.e., the 
space of continuous linear functionals on E. We write {a,v) = a{v) for the 
natural pairing E' x E R and endow E' with the weak-*-topology, i.e., the 
coarsest topology for which all linear maps 

Tj^-.E'^R, r]y{a) := a{v) 

are continuous. For a subset X C E', the set 

B{X) :={veE: m{{X,v) > -oo} 

is a convex cone which coincides with the domain of the support function 

sx: E ^ EU {oo}, sx{v) := -inf(X,w) = sup(X,-u) 

of X in the sense that B{X) = s^^(R). As a sup of a family of continuous lin- 
ear functionals, the function sx is convex, lower semicontinuous and positively 
homogeneous. 
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Definition 2.1 We call a subset X C E' semi-equicontinuous if sx is bounded 
on some non-empty open subset of E (cf. |Ne09aj ) . This implies in particular 
that the cone B{X) has interior points and even that sx is continuous on B{X)^ 
f [Ni08l Prop. 6.8]). 

If the space E is barrelled, which includes in particular Banach and Frechet 
spaces, we have the following handy criterion for semi-equicontinuity. We only 
have to apply [Ne08| Thm. 6.10] to the lower semicontinuous function sx- 

Proposition 2.2 If E is barrelled, then X (- E' is semi-equicontinuous if and 
only if B{X) has interior points. 

Remark 2.3 (a) The notion of semi-equicontinuity generalizes the notion of 
equicontinuity, which is equivalent to sx being bounded on some 0-neighborhood 
of E. In fact, the boundedness of sx on some symmetric 0-neighborhood 
U = —U means that there exists a C > with sx(±w) < C for v ^ U. 
This is equivalent to \a{v)\ < C ior v £ U,a G X, which means that X is 
equicontinuous. 

(b) If Y := conv(X) denotes the weak-*-closed convex hull of X, then sx = 
Sy, and, using the Hahn-Banach Separation Theorem, Y can be reconstructed 
from Sy by 

Y = {aeE': (Vu G B{Y))a{v) > inf(y,i;) = -sf(w)}. 
If, in addition, the interior B{Y)'^ is non-empty, then we even have 

Y = {aeE': (ive B{Y)")a{v) > M{Y,v) = -sy{v)} 
(HiOHl Prop. 6.4]). 

Definition 2.4 (a) For a convex subset C C E we put 
lim(C) ~{xeE:C + xCC} 

and 

H{C) := lim(C) n - lim(C) := {x e E : C + x ^ C}. 

Then lim(C) is a convex cone and H{C) a linear subspace of E. 

(b) A convex cone C iJ is called pointed if H{W) = {0}. 

(c) For a subset C C E, 

C* {a EE': a{C) C M+} 
is called the dual cone and for a subset X Q E' , wc define the dual cone by 
X* {v e E: (X,v) C M+}. 
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Examples 2.5 (a) If is a Banach space, then the unit ball 

X -.^^iae E': \\a\\ < 1} 

in E' is equicontinuous because the Hahn-Banach Theorems imply that sxiv) = 
\\v\\ for V e E. 

(b) If 7^ C is an open convex cone, then its dual cone Vi* is semi- 
equicontinuous because we have sq* = on = (fi*)* and sn* = oo on the 
complement of this closed cone. 

We have just seen that open convex cones lead to semi-equicontinuous sets. 
There is also a partial converse: 

Remark 2.6 Let X C iJ' be a semi-equicontinuous set and E :— E Q) "M.. For 
the set 

X := X y. {\} C E' we then have s^{v,t) := t + sx{v)-, 

so that the boundedness of sx on some non-empty open subset of E implies that 
the interior of the dual cone X* C E is non-empty. In view of Example [23Jb), 
this means that X is semi-equicontinuous if and only if it can be embedded into 
the dual of some open convex cone in E. 

The following observation shows that semi-equicontinuous convex sets share 
many important properties with compact convex sets (cf. |Ne08| Prop. 6.13]): 

Proposition 2.7 Let X E' he a non-empty weak-*-closed convex subset and 
V E such that the support function sx is bounded above on some neighborhood 
ofv. Then X is weak-^ -locally compact, the function 

rjy : X rj^ia) :— a{v) 

is proper, and there exists an extreme point a £ X with a{v) = min(X, v) . 

We conclude this section with some elementary properties of convex subsets 
of locally convex spaces. 

The following lemma f lBouOTi Cor. II. 2. 6.1]) is often useful: 

Lemma 2.8 For a convex subset C of a locally convex space E the following 
assertions hold: 

(i) and C are convex. 

(ii) C° = C" and if C° ^ 0, then C° ^C. 

Lemma 2.9 //0 ^ C ^ E is an open or closed convex subset, then the following 
assertions hold: 

(i) lim(C) = lim(C) is a closed convex cone. 
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(ii) lim(C) ^ {v e E: V ^ lim„^oo inC„, c„ £ C,tn ^ 0,t„ > 0}. IftjCj v 

holds for a net with tj > and tj — > and Cj G C, then also v G lim(C). 

(iii) IfceC and d e E satisfy c + NdC C, then d e lim(C). 

(iv) c + M.d C C implies d G H{C). In particular, H{C) = {0} if and only if C 

contains no affine lines. 

(v) H{C) is closed and the subset C / H{C) C E/H(C) contains no affine lines. 

(vi) B{Cy = lim(C) and B{C)^ = H{C). 

Proof. (cf. [Ne08l Prop. 6.1]) (i) If Cm open, then C = by Lemma[2E 
and thus x + C C C is equivalent to a; + C C C. In particular, lim(C) is closed. 

(ii) If c G C and x G lim(C), then c + nx G C for n G N and ^{c + nx) — > x. 
If, conversely, x — VantjCj with tj — > 0, tj > 0, Cj G C, and c G C, then 
(1 — tj)c + tjCj c + X £ C implies that C + x C C , i.e. x G lim(C) — lim(C). 

(iii) In view of ^(c + nd) — > d, (ii) implies d G lim(C). 

(iv) immediately follows from (iii). 

(v) The closedness of H{C) — lim(C) n — lim(C) follows from (i). Therefore 
the quotient topology on E/H{C) is Hausdorff, so that the quotient topology 
turns E/H{C) into a locally convex space. Let q: E ^ E/H{C) denote the 
quotient map. If ?/ + Kd C q{C) — C/H{C) is an afRne line and y = q{x), d = 
q{c), then x + RcC q-\C/H{C)) = C implies c G H{C) by (iv), which leads 
to d = q{c) = 0. Hence C/H{C) contains no affine lines. 



(a consequence of the Hahn-Banach Separation Theorem), we derive that 
B{C)* C lim(C) = hm(C). Conversely, hm(C) C B{C)* follows immediately 



Remark 2.10 li X C E' is semi-equicontinuous, then B{X) has interior points, 
so that H{X) C B{X)^ = {0} (Lemma EHvi)) implies H{X) = {0}, i.e., X 
contains no afhne lines. If, conversely, H{X) — {0} and dimF < oo, then 
it follows from |NeOO[ Prop. V.1.15] that X is semi-equicontinuous. Therefore 
closed convex subsets of finite dimensional vector spaces are semi-equicontinuous 
if and only if they contain no affine lines. 

For later applications, we record the following fact on fixed point projections 
for actions of compact groups. 

Proposition 2.11 Let K he a compact group acting continuously on the com- 
plete locally convex space E by the representation ti: K GL(_E). 

(a) If ^ C. E is an open or closed K -invariant convex subset, then Q, is 
invariant under the fixed point projection 



(vi) From 



C^{v£E: (Va G B{C)) a{v) > inf a(C)} 



from c + lim(C) C C for each c G C. 
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where fix is a normalized Haar measure on K . 

(b) If C C E' is a weak-*-closed convex K-invariant subset, then C is in- 
variant under the adjoint 

p\\)v:^\{p{v))^ f X{7T{k)v)dfiK{k) 

JK 

of p. 

Proof. (a) The existence of the integrals defining the projection p foUows 
from the completeness of E (cf |HoMo98[ Prop. 3.30]). Let A e B{Q) C E' be 
a continuous hnear functional bounded below on fl. 

If is open, we then have X{7r{k)v) > inf A(ri) for every k Q K, so that 

X{p{v)) = / X{n{k)v)dnK{k) > inf A(f7). 

JK 

In view of the Hahn-Banach Separation Theorem, this implies that p{v) G O 
(Remark l2.3r b)). Ifp(w) e 9r2, then |Bou07|, Prop. 11.5.2.3] implies the existence 
of A € B{Q) = B{fl) with X{p{v)) = minA(i7) = inf A(J1), a contradiction. 

Therefore p{v) g n° = (cf Lemma [HH]). 

If fl is closed, then the preceding argument implies X{p{v)) > inf A(ri), and 
hence that p{v) € by the Separation Theorem. 

(b) Now let C C E' he weak-*-closed and G-invariant. For each v E E and 
A G C, we then have 

p'{X){v) = X(p{v)) = / X{TT{k)v)dfiK{k) > mHC,v), 

JK 

SO that the Hahn-Banach Separation Theorem shows that p'(A) G C. ■ 



3 Infinite dimensional Lie groups 

In this section we provide the definition of a locally convex Lie group and present 
several key examples that will show up later in our discussion of semibounded 
representations. 

Definition 3.1 (a) Let E and F be locally convex spaces, U C E open and 
/: U ^ F a map. Then the derivative of f at x in the direction h is defined as 



df{x){h) 



Jix + th)^limj{f{x + th)~fix)) 



whenever it exists. The function / is called differentiable at x if df(x){h) exists 
for all h E E. It is called continuously differentiable, if it is differentiable at all 
points of U and 

df:UxE^F, {x,h) ^ df{x){h) 
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is a continuous map. Note that this imphes that the maps df{x) are hnear (cf. 
|GN09[ Lemma 2.2.14]). The map / is cahed a C'^-map, fc e N U {oo}, if it is 
continuous, the iterated directional derivatives 

d^f{x){hu...,h,):^ {dh,---dhj){x) 

exist for all integers j < x U and hi,...,hj g E, and all maps 
f : U X ^ F are continuous. As usual, C°°-maps are called smooth. 

(b) If E and F are complex locally convex spaces, then a map / is called com- 
plex analytic if it is continuous and for each x € U there exists a 0-neighborhood 
V with X + V C U and continuous homogeneous polynomials (3k- E F oi 
degree k such that for each h G V we have 

oo 

f{x + h)^Y.Mh), 

k=0 

as a pointwise limit ( |BoSi7l] V The map / is called holomorphic if it is and 
for each x €z U the map df{x): E ^ F is complex linear (cf. [Mil84[ p. 1027]). 
If F is sequentially complete, then / is holomorphic if and only if it is complex 
analytic (cf. p02] . [BoSiTll Ths. 3.1, 6.4]). 

(c) If E and F are real locally convex spaces, then we call / real analytic, 
resp., C"^, if for each point x £ U there exists an open neighborhood V C Ec 
and a holomorphic map fc- V ^ Fc with fc\unv = f\unv (cf. |Mil84j ). The 
advantage of this definition, which differs from the one in |BoSi71| . is that it 
works nicely for non-complete spaces, any analytic map is smooth, and the 
corresponding chain rule holds without any condition on the underlying spaces, 
which is the key to the definition of analytic manifolds (see |G102| for details). 

Once one has introduced the concept of a smooth function between open sub- 
sets of locally convex spaces, it is clear how to define a locally convex smooth 
manifold. A (locally convex) Lie group G is a group equipped with a smooth 
manifold structure modeled on a locally convex space for which the group mul- 
tiplication and the inversion are smooth maps. We write 1 G G for the identity 
element and Xg(x) = gx, resp., Pg{x) = xg for the left, resp., right multiplica- 
tion on G. Then each x G ?i(G) corresponds to a unique left invariant vector 
field xi with xi{g) Ti{Xg)x,g G G. The space of left invariant vector fields is 
closed under the Lie bracket of vector fields, hence inherits a Lie algebra struc- 
ture. In this sense we obtain on q := Ti(G) a continuous Lie bracket which 
is uniquely determined by [a;,?/]; = [xi,yi\ for x,y £ g. We shall also use the 
functorial notation L(G) := (g, [•, •]) for the Lie algebra of G and, accordingly, 
L((/?) — Ti{(p): L(Gi) L(G2) for the Lie algebra morphism associated to a 
morphism ip: Gi ^ G2 of Lie groups. Then L defines a functor from the cate- 
gory of locally convex Lie groups to the category of locally convex topological 
Lie algebras. The adjoint action of G on L(G) is defined by Ad(g) :— L(cg), 
where Cg(x) = gxg~^. This action is smooth and each Ad{g) is a topological 
isomorphism of L(G). The coadjoint action on the topological dual space L(G)' 
is defined by 

Ad*{g)a := ao Ad(g)-i 
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and the maps Ad*{g) are continuous with respect to the weak-*-topology on 
L(G)', but in general the coadjoint action of G is not continuous with respect 
to this topology. If g is a Frechet, resp., a Banach space, then G is called a 
Frechet-, resp., a Banach-Lie group. 

A smooth map exp^ : L(G) — > G is called an exponential function if each 
curve jxit) ■= expQ{tx) is a one-parameter group with 7^(0) — x. The Lie group 
G is said to be locally exponential if it has an exponential function for which there 
is an open 0- neighbor hood U in L(G) mapped diffeomorphically by expg, onto 
an open subset of G. All Banach-Lie groups are locally exponential f [Ne06i 
Prop. IV. 1.2]). Not every infinite dimensional Lie group has an exponential 
function ( |Ne06[ Ex. II. 5. 5]), but exponential functions are unique whenever 
they exist. 

In the context of unitary representation theory, the exponential function 
permits us to associate to each element x of the Lie algebra a unitary one- 
parameter group TTx{t) := 7r(exp(5 ix). We therefore assume in the following 
that G has an exponential function. 

Examples 3.2 Here are some important examples of infinite dimensional Lie 
groups that we shall encounter below. 

(a) (Unitary groups) If ^ is a unital G*-algebra, then its unitary group 

U(^) -.^ {geA: g*g^ gg* ^1} 

is a Banach-Lie group with Lie algebra 

u{A) = {x e A: X* = -x}. 

In particular, the unitary group U(7i) — \J{B{Ti.)) of a complex Hilbert space 
H is of this form, and we write u(7i) for its Lie algebra. 

As we shall see below (Definition 17. 4[) , in some situations one is forced to 
consider more general classes of algebras: A locally convex topological unital 
algebra A is called a continuous inverse algebra if its unit group A^ is open and 
the inversion map a i— > is continuous. This condition already implies that 
A^ , endowed with the canonical manifold structure as an open subset, is a Lie 
group (cf. [G102j ). If, in addition, ^ is a complex algebra and * a continuous 
algebra involution, then 

U(^) -.^{geA: g*g^gg* = 1} 

is a closed subgroup, and even a submanifold, as is easily seen with the Cayley 
transform c(x) = (1 — a;)(l-|-a;)~^. It defines an involutive diffeomorphism 
of some open neighborhood of 1 onto some open neighborhood of satisfying 
c{x)* = c{x*) and c{x~^) = —c{x). In particular c{g) is skew-hermitian if and 
only if g is unitary, and since U(^) is a subgroup of A^ , this argument shows 
that it actually is a Lie subgroup. 

(b) (Schattcn class groups) If 7i is a real or complex Hilbert space and Bp{T-i) 
denotes the p-Schatten ideal {p > 1) with the norm ||yl||p tr {{ A* A)p^^)'^/p , 
then 

Vp{H) ■.= v{n)n{i + Bp{H)) 



15 



is a Banach-Lie group with Lie algebra 

Up{H) := u{H) n Bp{H) 

(cf. |MicJt89| . [Ni04] l. 

(c) (Restricted groups) If P is an orthogonal projection on H and G C GL(7i) 
a subgroup, then we call 

Gres :={.geG: [5, P] e B2(H)} 

the corresponding restricted group. Using the fact that B2{Ti.) is invariant under 
left and right multiplication with elements of G, it is easy to see that this is 
indeed a subgroup, and in many cases it carries a natural Banach-Lie group 
structure. Writing H = im(P) ker(P) and, accordingly, operators on H as 
(2 X 2)-matrices, then 

(c d) ^^'"^ ^ b,ceB2{n). 

In particular, we have the restricted unitary group 

VrUn, P) := {g e V{n) : [g, P] E B2{'H)}. 

(d) If 7i is a complex Hilbert space, then the scalar product (•, •) (always 
assumed to be linear in the first component), defines two real bilinear forms 

(3{x, y) := Ke{x, y) and w(a;, y) ln\{x, y) = Re(a::, ly), 

where (3 is symmetric and uj is skew-symmetric. Writing Tiu for the underlying 
real Banach space, we thus obtain the symplectic group 

Sp(H) := Sp(7Yr, lo) := {g G GL{TiR) : (Vw, w G Hr) uj{gv, gw) = w(w, w)} 

^{geGhiUM): g^lg = l} 

and the orthogonal group 

0{n) := 0(7iR, 13) := {g G GL(Hk) : (Vw, w e Hr) P{gv, gw) = /3(f , w)} 
= {5eGL(7^M): 3^5 = 1}- 

There are two important variants of these groups, namely the Hilbert-Lie groups 

Sp2(7i) := Sp(W) n (1 + B2(Wr)), 02(H) 0(H) n (1 + B2(Hr)) 

and the restricted groups 

Sp„,(H) {g e Sp(H): [g, J] S i?2(HK)} 

and 

Ores(H) := {g £ 0(n): [g,I] € B2(Hr)}, 
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where Iv :— iv denotes the complex structure on TYr defining the complex 
Hilbert space H. 

The groups Sp(Hr, uj) and 0{Hr, (3) play a key role in Quantum Field The- 
ory as the automorphism groups of the canonical commutation relations (CCR) 
and the canonical anticommutation relations (CAR) (cf. [BR97) ). However, 
only the corresponding restricted groups, resp., their central extensions, have 
corresponding unitary representations (cf. Sections [9] and llOp . 

(e) The group Diff (Af)°P of diffeomorphisms of a compact manifold M is a 
Lie group with respect to the group structure defined hy ip ■ :— ^ o Lp. Its 
Lie algebra is the space V(M) of smooth vector fields on M with respect to the 
natural Lie bracket. The use of the opposite group simplifies many formulas 
and minimizes the number of negative signs. In particular, it implies that the 
exponential function is given by the time 1-flow and not by its inverse. As we 
shall see below, this convention also leads to simpler formulas because the action 
of Diff (M)°P by pullbacks is a left action. 

(f) If is a Lie group and M is a compact manifold, then the space 
C°° (M, K) of smooth maps is a Lie group with Lie algebra C°° {M, t) , where t 
is the Lie algebra of K. 

(g) A domain V in the complex Banach space V is said to be symmetric 
if there exists for each point x € V a biholomorphic involution e Aut(I?) 
for which x is an isolated fixed point, or, equivalently T^is^) = — id. It is 
called a symmetric Hilbert domain if, in addition, y is a complex Hilbert space. 
Then the group Aut(2?) of biholomorphic automorphisms of 2? carries a natural 
Banach-Lie group structure (cf. [KaFfl Sect. V], [UpSS] , |Ne01a| Thm. V.ll]). 

Here is a typical example. If 'H± are two complex Hilbert spaces and 
i?2(H+, TC-) is the Hilbert space of Hilbert-Schmidt operators from ?i+ to H-, 
then 



is a symmetric Hilbert domain, where || • || denotes the operator norm, which is 
smaller than the Hilbert-Schmidt norm || • II2. In particular, V is unbounded if 
both spaces are infinite dimensional. On the Hilbert space K. :— H- Ti.+ we 
define a hermitian form by 7((f , w), (v' , w')) := (w, v') — {w, w') and write 



for the corresponding pseudo-unitary group. From the projection P{v_,v^) := 
(w_, 0) we now obtain a restricted pseudo-unitary group 



The subgroup Tl of Uics(W+7 a-cts trivially, and we thus obtain an isomor- 



V:={zeB2{n+,n-): \\z\\<l} 



V{n+,n-): ={.geGL(/C): {Vx,y e IC)jigx,gy) ^ j{x,y)} 



iJWH+,n-) = {ge v{n+,n-): \\[g,p]\\2 < ^} 

(cf. (c) above), and this group acts on V by 




phism 
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(combine [Ka97i Sect. 5] on the automorphisms of the completion with respect 
to the operator norm with the extension result in [NeOlai Thm. V.ll]). 

(h) In (g), the case Ti. = T-i+ = Ti- is of particular interest because it leads to 
two other series of irreducible symmetric Hilbert domains generalizing the oper- 
ator balls in symmetric, resp., skew-symmetric matrices. Let a be an antilinear 
isometric involution on TC and define :— ax* a for x € B{'H). Then the map 
/,: 7i — > /C, u I— > -^{v,av) is an antilinear isometric embedding whose image is 

an orthogonal direct sum JC = t(7i)©u(7i), so that K, = {TiRjc as Hilbert spaces, 
where the complex conjugation on /C is given by t(v, w) — {crw, av). By complex 
linear extension, we thus obtain an embedding 7: Sp(7i) ^ GL(/C), whose im- 
age preserves the real subspace i(7i) and the complex bilinear skew-symmetric 
form ujc obtained by complex bilinear extension of a;(a;, y) — Im(x, y). Since the 
complex bilinear form 

^c{{x, y), {x',y')) := {x, ay') - {x' , ay) 

on /C satisfies 

ujciix, ax), {y, ay)) = {x, y) - {y, x) = 2i lm{x, y) = 2iuj{x, y), 

the subgroup 7(Sp(H)) is contained in Sp(/C,a;c). From the fact that it also 
commutes with r one easily derives that it also preserves the canonical hermitian 
form j{{x, y), {x' , y')) — (x, x') — (y, y'), and this leads to an isomorphism 

Sp(H) 7(Sp(H)) = u(7i, n) n Sp(/c, c^c) (i) 

(cf. [Ne02a[ Rem. 1.2], [N098[ Sect. IV]). This in turn leads to isomorphisms 

Sp,,,(7^) ^ Ures(W,W) n Sp(/C,C^c) 

and 

5P.cs(W) = { (^"t _^t) :«Gu(?^),6 = &'^ei32(H)}. (2) 

From that one further derives that Spj.gg(7i) acts by holomorphic automorphisms 
on the symmetric Hilbert domain 

V, ■.= {zeB2{n): =z,||z|| < 1} 

by fractional linear transformations, and we thus obtain isomorphisms 

Sp„,(7^)/{±1} - Aut(I?)o and Sp,,,(H)/ V{H) - P.. 

(i) For the complex symmetric bilinear form 

Pciix, y), {x', y')) (x, ay') + {x\ ay) 

we similarly obtain 

0(7^) ?^U(7^,7^)nO(/C,/3c) (3) 
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which in turn leads to 



and 



: a £ u{n) 



(4) 



Since we shaU need it several times in the following, we recall some basic 
facts on the adjoint and the coadjoint action on a centrally extended Lie algebra. 

Remark 3.3 Let g = R©tj g be a central extension of the Lie algebra g defined 
by the 2-cocycle uj, i.e., 

[{z,x),{z\x')] — {lu{x,x'),[x,x']) for z, z' G R, x, x' G g. 

Then the adjoint action of g factors through a representation adj: g der(g), 
given by adj(x)(z, y) — {uj{x,y), [x,y]), which implies that g — > g',a; i-^ i^ui = 
u>{x, •) is a 1-cocycle. 

If G is a corresponding Lie group to which the action of g on g integrates as 
a smooth linear action, then it is of the form 



Ad5(g)(z,y) = (z + e^(.g)(Ad(.g)y),Ad(.g)zj) = {z ^ eU9-'){y),Ad{g)y), (5) 



where : G — > g' is a 1-cocycle with Ti{Qi^)x = ixUj. The uniqueness of the 
representation of G on g follows from the general fact that, for a connected 
Lie group, smooth representations are uniquely determined by their derived 
representations ('Ne06, Rem. II. 3. 7]). The existence for simply connected G 
follows from Ne02b. Prop. VII. 6]. The corresponding dual representation of G 
on g' = M X g' is then given by 



As these formulas show, the passage from the adjoint and coadjoint action 
of g to the G-action on g is completely encoded in the cocycle 6^^ : G — > g'. 

4 Momentum sets of smooth unitary represen- 
tations 

In this section we introduce the concept of a semibounded unitary representation 
of a Lie group G. A key tool to study these representations is the momentum 
map P(7i°°) g'. According to Theorem l4.5[ this map is also a momentum 
map in the classical sense of differential geometry, provided G is a Banach-Lie 
group. 

Definition 4.1 A unitary representation o/ G is a pair (7r,?i) of a complex 
Hilbert space H and a group homomorphism tt: G ^ U(7i). It is said to be 



Ad|(5)(2;,a) = {z, Ad* {g)a - zQ^ig)). 



(6) 
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continuous if the action map G x Ti. Ti., {g , v) i-^ '!^ig)v is continuous, which, 
since G acts by isometrics, is equivalent to the continuity of the orbit maps 
tt" : G ^ H, g 1-^ T^{g)v- We write 

for the subspace of smooth vectors. The representation (tt, Ti.) is said to be 
smooth if is dense in H.. On 0.°° the derived representation d7r of the Lie 
algebra g = Ij(G) is defined by 

dTrfccJt; := — 

(cf. [NeOlbi Rem. IV. 2]). If {tt,H) is smooth, then the invariance of 7Y°° under 
Tr{G) implies that the operators id7r(x), x € q, on this space are essentially 
selfadjoint (cf. [NeOSl Lemma 5.6], [RFfSl Thm. VIII.IO]). 

Remark 4.2 (a) If (7r,7i) is a smooth unitary representation, then the space 
TC' {u e Ti: tt" e C{G,'H)} 5 7i°° of continuous vectors is dense, and 
since this space is closed (by the uniform boundedness of 7r(G)), it follows that 
Ti = T-U^. This in turn implies that the G-action on Ti is continuous. This means 
that smooth representations are in particular continuous. 

(b) If G is finite dimensional, then Garding's Theorem asserts that every 
continuous unitary representation of G is smooth. However, this is false for 
infinite dimensional Lie groups. The representation of the additive Banach-Lie 
group G := L^([ 0,1],R) on H = L2([0,1],C) by TT{g)f := e'f/ is continuous 
with 71°^ = {0} (ElQl]). 

Definition 4.3 (a) Let ¥{n^) ^ {[w] Cv: 7^ u G n°"} denote the projec- 
tive space of the subspace Ti°° of smooth vectors. The map 

<l>.:P(7i-)^0' with cf>,(H)(x) = ii^4^^ 

is called the momentum map of the unitary representation tt. The right hand 
side is well defined because it only depends on [v] — Cv. The operator idTT{x) 
is symmetric so that the right hand side is real, and since w is a smooth vector, 
it defines a continuous linear functional on g. We also observe that we have a 
natural action of G on F(TC°°) by g.[v] := [Tr{g)v], and the relation 

TT{g)dTr{x)TT{g)^^ = d7r(Ad(g)x) 

immediately implies that is equivariant with respect to the coadjoint action 
of G on g'. 

(b) The weak-*-closed convex hull /^r C g' of the image of is called 
the (convex) momentum set oj -k. In view of the equivariance of $7^, it is an 
Ad* (G)-invariant subset of g'. 

For the following theorem, we recall the definition of a Hamiltonian action: 



7r(expp tx)i 
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Definition 4.4 Let a: G x M ^ M he a smooth action of the Lie group G 
on the smooth manifold M (neither is assumed to be finite dimensional) and 
suppose that w is a G-invariant closed 2-form on M. Then this action is said to 
be Hamiltonian if there exists a map J: g C°°{M, M.) for which dJ^ = ia{x)^ 
holds for the derived Lie algebra homomorphism a: q ^ V(Af), defined by 
a{x)p = -T(i_p)(cr)(a;, 0). The map M g',^{m){x) := Jx{m) is then 
called the corresponding momentum map. Of particular interest are momentum 
maps which are equivariant with respect to the coadjoint action. 

Theorem 4.5 Let (TT,Ti.) be a unitary representation of a Banach-Lie group 
G. Then the seminorms 

Pn{v) sup{||d7r(a::i) • • • d7r(a::„)t;|| : Xi e g, < 1} 

define on Ti.°° the structure of a Frechet space with respect to which the action 
of G is smooth. Accordingly, the projective space P(7i°°) carries the structure 
of a complex Frechet manifold on which G acts smoothly by holomorphic maps. 
The Fubini-Study metric on P(7i) induces on P(7i°°) the structure of a weak 
Kdhler manifold whose corresponding weak symplectic form f2 is given for any 
unit vector v G 7i°° by 

^[v]{Tv{q)x,T^{q)y) = -2lm{x,y) for x.yev^, 

where q: 7i°° \ {0} — s- P(7i°°),f i— > [v], is the canonical projection. With re- 
spect to this symplectic form, the action of G on P(7i°°) is Hamiltonian with 
momentum map ^j^. 

Proof. The smoothness of the action of G on 7i°° follows from Theorem lA.2l 
This implies that the natural charts defined by projections of affine hyperplanes 
define on P(7i°°) a complex manifold structure for which G acts smoothly by 
holomorphic maps (see |Ne01bi Prop. V.2] for details). Moreover, the Fubini- 
Study metric on P{H) restricts to a (weak) Kahler metric on P(7i°°) which 
is invariant under the G-action. It is determined by the property that the 
projection map q satisfies for any unit vector v and x,y E the relation 

{Tv{q)x,Ty{q)y) = {x,y). 

In particular, we see that fl defines a weak symplectic 2-form on P(7Y°°) (cf. 
|MR99[ Sect. 5.3]). For x e g, the smooth function 

I {v,v) 

on P(7i°°) now satisfies for y E and ||w|| — 1: 

diJ,(H)(r„(g)y) = 2Kc{~id^{x)v,y) = 2 Im(d7r(a;)w, 
-^[v]{Tv{q)'^T^{x)v,T^{q)y), 

i.e., AHx = ix^ for the smooth vector field on P(7i°°) defined by X([w]) := 
-Ty{q)dTr{x)v = (j{x){[v]). This means that the action of G on P(H°°) is 
Hamiltonian and <I>7r : P(7i°°) ^ g' is a corresponding momentum map. ■ 



21 



The main new point of the preceding theorem is that it provides for any 
Banach-Lie group a natural analytic setup for which the momentum map $,r 
really is a momentum map for a smooth action on a weak symplectic manifold. 
The corresponding result for the action of the Banach-Lie group U(7i) on P(7i) 
is well-known (cf. |MR99[ Ex. 11.4(h)]). 

A key property of the momentum set /jr is that it provides complete infor- 
mation on the extreme spectral values of the operators id7r(2;): 

sup(Spec(id7r(a;))) = s/^ (x) = — inf (/jr, a;) for a; G g (7) 

(cf. [Ne08| Lemma 5.6]). This relation immediately entails the equivalences 

x e /* si^{x) < -idTT{x) > 0. (8) 

It is now natural to study those representations for which St^, resp., the set /,rj 
contains the most significant information, which leads to the following concept: 

Definition 4.6 A smooth unitary representation (7r,7i) of a Lie group G is 
said to be semibounded if its momentum set 1^^ is semi-equicontinuous, i.e., if 

s^(x) :— si^{x) = sup(Spec(id7r(a;))) 

is bounded from above on some non-empty open subset of g. We call (7r,7i) 
bounded if Itt is equicontinuous. 

The representation (tt, Ti.) is said to satisfy the positive energy condition with 
respect to some cZ S g if idn^d) > 0. It satisfies the positive energy condition 
with respect to some convex cone C C g, if id7r(a;) > holds for each x £ C (cf. 
[SJOSV78]). 

For a semibounded representation (7r,7i), the domain s^^(M) of is a 
convex cone with non-empty interior and Stt is continuous on this open cone (cf. 
|Ne08[ Prop. 6.8]). Since the momentum set I^r is invariant under the coadjoint 
action, the function St, and its domain are invariant under the adjoint action. 
This leads to two open invariant convex cones in q: 

:= {x & g: s^{x) < oo}° = B{I^)° and '.^ {x £ &: s^{x) < 0}° , 

where ° denotes the interior of a set. Note that ^ implies that C^r is the 
interior of the dual cone /*. 

We collect some basic properties of these two cones: 

Proposition 4.7 For a smooth representation {n,Ti.) ofG, the following asser- 
tions hold: 

(i) // 7^ 0, then tt is semibounded, and if il G d7r(g), then the converse is 

also true. 

(ii) // Ctt 7^ 0; then H{C-„) = kcrdvr. In particular, is pointed if and only if 

the derived representation dvr is injective. 



22 



(iii) If ^ ^ Q is a suhalgebra with the property that d7r|[, is a hounded represen- 

tation, then \) C i7(Wx). 

(iv) Let rj: H G be a morphism of Lie subgroups. If tt is semibounded, then 

■nn '■— TT o rj is semibounded if W^r H L{r])t) ^ 0, and then 1^^^ — L{vi)* 1^^. 
In particular, if H <Z G is a Lie subgroup, then the restriction tt^ := ttIh 
of TT to H is semibounded if Wj^ n I) 7^ 0, and then I^^ — /^|(,. 

Proof. (i) If Ctt 7^ 0, then the boundedness of Stt on C-n imphes that tt 
is semibounded. Suppose, conversely, that tt is semibounded and il G d7r(0). 
Then there exists an element x ^ q for which s^r is bounded from above on 
a neighborhood of x by some M G K. Pick z G g with Att{z) = il. Now 
St^{x + Mz) < on this neighborhood, so that ^ 0. 

(ii) The relation ~ (^^)° implies that 

K = c: (9) 

(Lemma 12. 8p . If is non-empty, then Lemma [2?9ti) implies that 

H{G^) = H{ii) = i:n -i: = i^ = kcTdTT 

because d7r(a;) = is equivalent to Spec(id7r(x))) C {0}. 

(iii) That d7r|(, is bounded implies that all operators idTT{x), x G f), are 
bounded, so that (j C B{It^) C W-k = lim(VF,r) (Lemma I2.9r i)). and since 
1} = — t), the assertion follows. 

(iv) From it follows that s^^ = o L(7), and if H/^ n L(7)f) ^ 0, this 
function is bounded on some non-empty open subset of f). Therefore tt^ is 
semibounded. 

Pick X G f) with y := L(7)x G W^r. Then the evaluation map r]^: Itt 
R, a a{x), is proper by Proposition 12.71 and this map factors through the 
adjoint map Lir])' : g' ~> f)', a 1-^ a o L{t]): 

77B =?7^oL(77)': ^M. 

Since the weak-*-topology on ()' is Hausdorff, [Bou89[ Ch. I, §10, Prop. 1.5] 
implies that L(?7)' : /^r — + f)' is a proper map. In particular, its image is closed, 
hence a weak-*-closed convex subset of f)'. For each x G f) we have 

sup(/^^,x) = s^^(-x) Sjr(-L(ry)a;) = sup(/^, L(?7)x) = sup(L(?7)7^, x), 

so that the Hahn-Banach Separation Theorem implies that /^r^ = Ij{riy I^. ■ 

Remark 4.8 If il ^ d7r(g), then we may consider the direct product Lie group 
G := G X T, where we consider T as a subgroup of C^, with the exponential 
function expT(i) = e'* on L(T) = M. Our representation tt now extends trivially 
to a smooth unitary representation of G, defined by 

n{g,t) tTT{g). 
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Now g = g X R, g' = g' X K, and the momentum map of tt is given by 

<i>s(H) = ($.(H),i), 

so that = X {!}. With Remark I2.6i we now see that tt is semibounded 
if and only if Cjf ^ 0. Note also that d7f(0, 1) = il, so that Proposition I4.7f i) 
applies to this representation. 

Remark 4.9 (on bounded representations) (a) From [Ne09a| Thm. 3.1] we 
know that a smooth representation (tt, H) is bounded if and only if tt : G —> U(7i) 
is a morphism of Lie groups, if U(7i) is endowed with the Banach-Lie group 
structure defined by the operator norm. In view of ([7]), the boundedness of 
(7r,7i) is equivalent to the boundedness of all operators zd7r(a;) and the conti- 
nuity of the derived representation d7r: g ^ B{'H) as a morphism of topological 
Lie algebras, where we identify the operator d7r(a;) with its continuous extension 
to all of Ti. 

(b) In |Ne09a[ Prop. 3.5] it is also shown that if tt is continuous with respect 
to the norm topology on U(7i), then tt is automatically smooth if either G 
is locally exponential or g is a barrelled space. In particular, for Banach-Lie 
groups G the bounded representations are precisely the norm-continuous ones. 
The concept of a norm-continuous unitary representation also makes sense for 
arbitrary topological groups, but the refined concept of semiboundedness does 
not; it requires the Lie algebra for its definition. 

(c) If (tt, Ti) is a bounded unitary representation of a Lie group G, then the 
closure f) of d7r(g) C u(H) is a Banach-Lie algebra, and H := (exp^c^ ^ [)) C 
U(H) carries a natural Banach-Lie group structure with h{H) — f) ( [Ne06|. 
Thm. IV.4.9]). If G is connected, then tt: G ^ U(H) factors through the 
inclusion map H U(7i) of this Banach-Lie group. In this sense bounded 
representations are a "Banach phenomenon" and all questions on this class of 
representations can be reduced to Banach-Lie groups. 

(d) If (tTjH) is a bounded representation for which ker(d7r) — I;^ — {0}, 
then ||d7r(a;)|| defines a G-invariant norm on g. If G is finite-dimensional, then 
the existence of an invariant norm implies that the Lie algebra g is compact. In 
particular, all its irreducible representations are finite dimensional. However, 
in the infinite dimensional context, there is a substantially richer supply of 
bounded unitary representations. For a detailed discussion of bounded unitary 
representations of the unitary groups Up(H) (Examples I3.2r b)). we refer to 

[ESI]. 

Example 4.10 Let H he a complex Hilbert space and consider U(7i) as a 
Banach-Lie group with Lie algebra u{H). Writing A <^ B for A, B e B{H) if 
B—A is a positive invertible operator, we see that for the identical representation 
(tt, H), the cone 

G^ = e u(n) : ix « 0} 

is non-empty. Since tt is bounded, we also have W-^ = g. The same holds for all 
representations (tt**", Ti**") on the n-fold tensor power of H. 



24 



The natural representations tt^ and tt^ of U(7i) on the symmetric and anti- 
symmetric Fock spaces 

S{n) -.^QneNoS'^n) and A(7^) := ©„eNoA"(H) 

are direct sums of bounded representations, hence in particular smooth. They 
are not bounded, as the restriction to the subgroup Tl already shows. However, 
the relation C^r Q C^^ , C^r^ still implies that tt^ and tt^ are semibounded. We 
shall use this simple observation later in our proof that the metaplectic and the 
spin representation are semibounded (cf. Sections [9l fTO)l . 

We conclude this section with a convenient tool to verify the existence of 
eigenvectors for semibounded unitary one-parameter groups. 

Proposition 4.11 Let (7r,?i) be a semibounded unitary representation of G and 
d e with expQ(Xd) £ Z{G) for some A G . Suppose that 7r(expQ(A(i)) €E 
Tl, which is in particular the case if it is irreducible. Then idTr{d) is bounded 
from above, has discrete spectrum, and there exists a smooth vector v € ?^°° 
which is an eigenvector for the largest eigenvalue o/id7r(d). 

Proof. Replacing d by Ad, we may assume that A = 1. If tt is irreducible, 
Schur's Lemma implies that tt{Z{G)) C Tl and thus in particular 7r(expQ(i) G 
Tl. Let /? g R with 7r(expd) = e'^'l. Then e'^''^'^''-"^^ = 1, so that 
Spec(id7r(d) -|- /31) C 27rZ is discrete. 

Let Pn denote the orthogonal projection onto the eigenspace of zd7r(d) cor- 
responding to the eigenvalue 27rn — /3. This projection is given by the following 
integral 

P„ («)=/" e^""'e-''\{exp{td))vdt^ [ e'*^'^'"'-'^'>TT{exp{td))v dt. 
Jo Jo 

If f is a smooth vector for G, then the smoothness of the 7i- valued function 

g ^ TT{g)Pn{v) = f e''^^^'^'^\{geMtd))vdt 
Jo 

follows from the smoothness of the integrand as a function on R x G by differen- 
tiation under the integral (cf. |GN09| for details). This implies that P„(7i°°) C 

Therefore the density of n°° in H imphes the density of Pn{U°°) in PniJ-i). 
In particular, each non-zero eigenspace of d7r(d) contains smooth vectors. Fi- 
nally, the boundedness of Spec(id7r(d)) from above implies the existence of a 
maximal eigenvalue. ■ 

5 Aspects of complex analysis 

As we have already seen in jNeOQa) , a closer analysis of semibounded representa- 
tions requires a good understanding of the related complex geometric structures. 
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Basically, the connection to complex analysis relies on the fact that if is a 
selfadjoint operator on a complex Hilbert space, then the associated unitary 
one-parameter group 7a (i) := e**"^ extends to a strongly continuous homomor- 
phism 7: C+ := M + iR+ B{Tl),z y-^ e^^^ (defined by a spectral integral) 
which is holomorphic on the open upper half plane if and only if Spec (A) is 
bounded from below. It is this key observation, applied in various situations, 
that leads to a variety of interesting tools and results, that we describe below. 

Problem 5.1 If (7r,7i) is a semibounded unitary representation, then we have 
a well-defined map 

n:GxW^-^B{n), {g, x) ^ ge'^^^-\ 

and if G is finite dimensional and d7r injective, then we know from |NeOOj that the 
product set Stt := G x always carries a complex manifold structure, a holo- 
morphic associative multiplication and an antiholomorphic involution [g, x)* := 
{g~^ , Kd{g)x) , turning (S'tt, *) into a complex involutive semigroup and tt into a 
holomorphic representation. In particular, Ti{G x W^) — 7r(G')e*^'^^^"^ is an in- 
volutive subsemigroup of B(H). This structure is extremely useful in the theory 
of semibounded representations and the related geometry. However, for infinite 
dimensional groups, our understanding of corresponding analogs is still quite 
rudimentary. 

As we shall see below, the preceding problem has a trivial solution for abelian 
groups. 

5.1 The abelian case 

If is a locally convex space, then its additive group G (E, +) is a particu- 
larly simple locally convex Lie group. Then L{G) = i? as an abelian Lie algebra, 
expg = id^;, and the coadjoint action is trivial. 

For such groups semibounded representations can be understood completely 
with classical methods, well known from the context of locally compact abelian 
groups. If X C is a weak->i=-closed convex semi-equicontinuous subset, then 
Proposition 12.71 implies that it is locally compact, so that the space Co{X) of 
continuous complex- valued functions on X vanishing at infinity is a commutative 
C*-algebra. Moreover, the interior B{X)^ is a non-empty open convex cone in 
X, so that S := E + iB{X)^ is a tube domain in the complexification Ec- This 
open subset of i?c is a complex manifold, a semigroup with respect to addition, 
and {x + iy)* :— —x + iy defines an antiholomorphic involution, turning it into 
a complex involutive semigroup (cf. [Ne08] for an extended discussion of this 
technique). This leads to a holomorphic homomorphism of semigroups 

7: S^GoiX), -f{x + iy){a) e*"^^)-"^^) 

(cf. Proposition 12. 7p , and one can show that every semibounded smooth rep- 
resentation (tt, Ti.) of G with /^r ^ ^ "extends" holomorphically to S by 
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Tf{x + iy) := 7r(a;)e"*'^^^-*, which in turn extends to a representation p of the C*- 
algebra Co{X) on H. Using this correspondence and the Spectral Theorem for 
C*-algebras, one arrives at the following spectral theorem ( [Ne09al Thm. 4.1]): 

Theorem 5.2 (Spectral Theorem for semibounded Representations) For every 
regular Borel spectral measure P on X , the prescription 7r(u) := P(e*''") (where 
the right hand side denotes a spectral integral) defines a semibounded smooth 
representation of G with /^r C X. Conversely, any such semibounded represen- 
tation has this form for a uniquely determined regular Borel spectral measure P 



The preceding theorem provides a complete description of the semibounded 
representation theory of abelian Lie groups of the form [E, +) and hence also 
of quotients thereof. In particular, every connected abelian Banach-Lie group 
is such a quotient. For recent results concerning extremely general spectral 
theorems for representations of commutative involutive algebras by unbounded 
operators we refer to Th09] . 

Remark 5.3 With Theorem 15.21 it is easy to see that the bounded unitary 
representations of [E, +) are precisely those defined by spectral measures on 
(compact) equicontinuous subsets of the dual space. 

Similar characterizations are known for continuous isometric actions a : G — > 
Iso(-E) of a locally compact abelian group G on a Banach space E. One asso- 
ciates to such a representation its Arveson spectrum Sp(Q!) C G and then the 
norm continuity of a is equivalent to the compactness of its spectrum (^ [Pe89[ 
Thm. 8.1.12]). 

Remark 5.4 The key point behind the Spectral Theorem 15. 21 is that the semi- 
boundedness provides a method to connect representations of {E, +) to rep- 
resentations of a commutative G* -algebra, so that the Spectral Theorem for 
commutative Banach-*-algebras provides the spectral measure on X C E' . 

In general, continuous unitary representations of locally convex spaces can 
not be represented in terms of spectral measures on E' . This is closely related 
to the problem of writing the continuous positive definite functions it'"''"{x) := 
(7r(a;)f,f) as the Fourier transform 



of some finite measure p, on E' . HE is nuclear, then the Bochner-Minlos Theo- 
rem f |GV64j ) ensures the existence of such measures and hence also of spectral 
measures representing unitary representations. However, if E is an infinite di- 
mensional Banach space, then E is not nuclear ([GV64]), so that the Bochner- 
Minlos Theorem does not apply. Therefore it is quite remarkable that nuclearity 
assumptions are not needed to deal with semibounded representations. 



on X . 
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5.2 Hilbert spaces of holomorphic functions 

In general, the momentum set of a semibounded representation is not easy to 
compute, but in many interesting situations it is the weak-*-closed convex hull 
of a single coadjoint orbit Ox C q' . Here our intuition is guided by the finite 
dimensional case, which is by now well understood (cf. [NeOOp . 

Remark 5.5 For a finite dimensional connected Lie group G, semibounded uni- 
tary representations are direct integrals of irreducible ones (^ [NeOOl Sect. XI.6]) 
and the irreducible ones possess various kinds of nice structures. Here the 
key result is that for every irreducible semibounded representation (tt, H.) and 
X G B{It^)^ , we can minimize the proper functional rj^ipi) = a(x) on the convex 
set /tt (Proposition 12. 7p . One can even show that the minimal value is taken 
in <I>7r([w]) for an analytic vector w, and from that one can derive that v is an 
eigenvector for id7r(x) (this is implicitly shown in [NeOO) Thm. X.3.8]). Comb- 
ing this with finite dimensional structure theory, based on the observation that 
the adjoint image of the centralizer Zq(x) has compact closure, one can show 
that if dTT is injective, then 7i°° contains a dense highest weight module of the 
complexification gc (' [NeOOl Thms. X.3.9, XI.4.5]). 

If [v\\ E P{H°°) is a highest weight vector for the highest weight repre- 
sentation (ttxtHx), then the corresponding G-orbit G[vx] has the remarkable 
property that it is a complex homogeneous subspace of P(7i°°), and one can 
even show that it is the unique G-orbit in P(7i°°) with this property f [NeOO[ 
Thm. XV. 2. 11]). Its image Ox '■= ^Tr^{G[vx]) C g* is a coadjoint orbit satisfying 

OA=Ext(/„J, -conv(OA) and G[vx] ^ ^^iOx) (10) 

f |NeOO[ Thm. X.4.1]), where we write Ext(G) for the set of extreme points of 
a convex set G. Moreover, two irreducible semibounded representations are 
equivalent if and only if the corresponding momentum sets, resp., the coadjoint 
orbits Ox coincide ( [NeOOl Thm. X.4.2]). 

In particular, a central feature of unitary highest weight representations is 
that the image of the highest weight orbit already determines the momentum 
set as its closed convex hull. It is therefore desirable to understand in which sit- 
uations certain G-orbits in P(7i°°) already determine the momentum set as the 
closed convex hull of their image. As we shall see below, this situation frequently 
occurs if Ti. consists of holomorphic functions on some complex manifold, resp., 
holomorphic sections of a line bundle. 

Definition 5.6 Let M be a complex manifold (modelled on a locally convex 
space) and 0{M) the space of holomorphic complex- valued functions on M. We 
write M for the conjugate complex manifold. A holomorphic function 

K: M xM 

is said to be a reproducing kernel of a Hilbert subspace Ti. C 0{M) if for each 
w € M the function K^iz) := K{z, w) is contained in Ti. and satisfies 

{f.K,)^f{z) for zeMJeTi. 
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Then 7i is called a reproducing kernel Hilhert space and since it is determined 
uniquely by the kernel K, it is denoted I-Lk (cf. |NeOO[ Sect. I.l]). 

Now let G be a real Lie group and a: GxAI M, {g, m) i-^ g.mhe a, smooth 
right action of G on M by holomorphic maps. Then {g.f){m) := f{g~^.m) 
defines a unitary representation of G on a reproducing kernel Hilbert space 
Hk C 0{M) if and only if the kernel K is invariant: 

K(g.z, g.w) — K{z,w) for z,w€M,gCzG. 

In this case we call Ti.K a G-invariant reproducing kernel Hilbert space and 
write (ttx ((7)/)(z) := f{g~^.z) for the corresponding unitary representation of 
G on Hk- 

Theorem 5.7 f [Ne09al Thm. 2.7]) Let G be a Frechet-Lie group acting smooth- 
ly by holomorphic maps on the complex manifold M and Ti.K Q 0{M) be a G- 
invariant reproducing kernel Hilbert space on which the representation is semi- 
bounded, so that the cone W^^, is not empty. If, for each x G Wttk ; the action 
{m,t) I— > eyij)Q{~tx).m ofM. on M extends to a holomorphic action of the upper 
half plane C_|_ (continuous on and holomorphic on its interior), then 

conv{<^>^^{{[K^] : + 0})). 

Example 5.8 Here is the prototypical example that shows why x E W-k^ is 
closely related to the existence of a holomorphic extension of the corresponding 
flow on M . 

Let (tt, H) be a continuous unitary representation of G = M and 7i°° be the 
Frechet space of smooth vectors on which G acts smoothly fTheorem lA.2[) . Let 
M := 71°° be the complex Frechet manifold obtained by endowing 7i°° with the 
opposite complex structure. Then G acts on M by holomorphic maps and the 
density of 7i°° in Ti yields an embedding 

l:H^O{M), L{v){m) = {v,m), 

whose image is the reproducing kernel space Hk with kernel K{x,y) = {y,x). 
With A :— — zd7r(l) we then have 7r(i) = e**'*, and if Spec(y4) is bounded 
from below, then tt: C+ — > B{H),z i— > e^^ defines a holomorphic extension 
of the unitary representation to C+ (cf. [NeOOi Thm. VL5.3]). Since H°° is 
invariant under every operator Tf{z), it is easy to see that {z,m) i— > e~^'^m 
defines a holomorphic action of C+ on M, extending the action of M given by 
(i, to) h- ■n{—t)m. 

Remark 5.9 Suppose that q: V ^ Af is a G-homogeneous holomorphic Hilbert 
bundle, i.e., V carries a left action of G by holomorphic bundle automorphisms 
and q{g.z) — g.q{z) for z E Y, g E G. We write r(V) for the space of holomor- 
phic section of V. Then G acts on r(V) by {g.s){m) :— g.s{g~^ .m). We are 
interested in G-invariant Hilbert subspaces H Q r(V) on which G acts unitar- 
ily and for which the evaluation maps ev™ : H —>■ Vm, s i— > s{m), to E M , are 
continuous linear maps between Hilbert spaces. 
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To see how Theorem 15.71 applies in this situation, we realize r(V) by holo- 
morphic functions on the dual bundle V* whose fiber (V*)m is the dual space 
of Ym- Each s £ r(V) defines a holomorphic function s(am) := am{s{m)) on 
V* which is fiberwise linear. We thus obtain an embedding 5*: r(V) — > 0{Y*) 
whose image consists of those holomorphic functions on V* which are fiber- 
wise linear. Accordingly, ^{H) C 0(V*) is a reproducing kernel Hilbert space. 
The natural action of G on V* is given by {g.am)izg.m,) ■= cemi9~^ -Zg.m) for 
Urn S V^, so that 

■^{g.s){am) = am{g-s{g~^.m)) = (5"\a„)(s(5~^m)) = *(s)(5"^Q;m) 

implies that "if is equivariant with respect to the natural G-actions on r(V) 
and 0(V*). Therefore the reproducing kernel K of Hk l'(H) C 0{W*) 
is G-invariant, and we are thus in the situation of Theorem 15.71 In addition, 
the fiberwise linearity of the functions in Hk leads to K^a — 'zK^ for a € V* 
and z € C^. If T-Lk {0}, then the homogeneity of the bundle V implies 
that Ka 7^ for every 7^ a G V*. Writing P(V*) for the projective bundle 
associated to V* whose fibers are the projective spaces of the fibers of V*, we 
therefore obtain a well-defined map 

$:P(V*)^0', M^'^.AlKcJ) for a,neV:„\{0}. 

Since this map is G-equivariant and G acts transitively on Af , we obtain for 
each Too € M: 

$(P(V*))-Ad*(G)$(P(V:;,J). (11) 

If, in addition, the requirements of Theorem 15 . 71 are satisfied, i.e., the action 
of the one-parameter-groups generated by —x G 3(1^^^^ )° on V, resp., V* , extend 
holomorphically to C-|-, we obtain 

/^^- =conv(im($)). (12) 

If, in particular, V is a line bundle, i.e., the fibers are one-dimensional, then 
P(V*) = Af, and we obtain a G-equivariant map M ^ g' whose image is a 
single coadjoint orbit O^r- 

Example 5.10 If 7i is a complex Hilbert space, then its projective space P(7i) 
is a complex Hilbert manifold. Moreover, there exists a holomorphic line bundle 
q : 'L-H — > P(7i ) with the property that for every non-zero continuous linear 
functional a £ H' we have on the open subset Ua ■= {[v] € F{H) : a{v) ^ 0} a 
bundle chart 

such that the transition functions are given by 




for 0^a,f3en'. 



This implies that each 7^ G 7i defines a linear functional on the fiber (L-^ ) [„] 
by 

fa\[v],z) a{v)z, 
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which further hiiphes that = [v], i.e., is the tautological bundle over 

The complement of the zero-section of L-^ is equivalent, as a -bundle, to 
the projection H \ {0} P(7i) by the map z) i— > ^^j^w. This identifi- 

cation can be used to show that the natural map 

^■.n'^T{hn), ^{a){[v])^^^'{[v],^) for f3{v) ^ 

defines a linear isomorphism (see |Ne01b| Thm. V.4] for details). 

As the group U(7i) acts smoothly by holomorphic bundle isomorphisms on 
hu, this construction shows that the unitary representation tt* : U(7i) U(7i'), 
given by Tr*(g)a ~ ao ■n{g)* can be realized in the space r(L-H) of holomorphic 
sections of L-^ . 

To realize the identical representation on Ti itself by holomorphic sections, 
we simply exchange the role of Ti and 7i', which leads to a U(7i)-equi variant 
isomorphism Ti. r(L-H')- 

To simplify the applications of Theorem 15.71 we need a criterion for its 
applicability. Here the main idea is that, since every Hilbert space 7i can be 
realized as a space of holomorphic sections of the bundle L-^/ , we obtain similar 
realizations from cyclic G-orbits in P(7i) which are complex manifolds. 

Theorem 5.11 (Complex Realization Theorem) (a) Let G he a Frechet-Lie 
group with Lie algebra g and H G he a closed subgroup for which the coset 
space G / H carries the structure of a complex manifold such that the projection 
q: G G/H is a smooth H -principal bundle and G acts on G/H by holomor- 
phic maps. Let Xq = IH € G/H he the canonical base point and p C gc be the 
kernel of the complex linear extension of the map g — > Txo{G/H) to gc, so that 
p is a closed subalgebra of Qc- 

Let (7r,7i) he a unitary representation of G and d7r: gc ^ End(7i°°) be the 
complex linear extension of the derived representation. Suppose that 7^ u S 
0.°° is an eigenvector for H and of the subalgebra p := {x -\r iy = x — iy: x + iy G 
P} of 3c- Then the map 

r^:G/H ^¥{n'), gH ^ [tt* {g)a,] = [a, o n{g)-\ a,{w) = {w,v), 

is holomorphic and G-equivariant. If, in addition, v is cyclic, then we ob- 
tain a G-equivariant injection Ti. ^ r(7y*L-H'); where r/*'L-}i' is a G-equivariant 
holomorphic line bundle over G/H . If in addition, G is connected, then tt is 
irreducible. 

(c) Suppose that, for each x £ W^, the flow {t,m) i— s- expQ{—tx)H extends 
holomorphically to C+. Then the momentum set is given by 

It, = conv($^(G[u])) = conv(0$^([^,])). 
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Proof. (a) First we observe that the map T : ?i ^ w i-^ is an antihnear 
isomctry and that the contragredient representation 7r*(g)a :~ ao7r(g)^^ is also 
unitary. 

Next we recall that the smooth action of G on M := G/H defines a homo- 
morphism g VoiM), the Lie algebra of holomorphic vector fields. Since M 
is complex, Vo{M) is a complex Lie algebra, and, for each p G M, the subspace 
{X G Vo{M): X{p) = 0} is a complex subalgebra. This proves that p is a 
Lie subalgebra of gc: and its closedness follows from the continuity of the map 

(b) Since ^; is a p-eigenvector, there exists a continuous linear functional 
A: p ^ C with d7r(z)ti — X{z)v for z S p, so that we have for w G H and z S p 
the relation 

av{z.w) — {dTr{z)w,v) — — (w, d7r(z)t;) = — A(z)a.u(w). 
We conclude that is an p-eigenvector. This implies that the tangent map 

T,„(r;):r,„(M)^r[„„](P(H')) 

is complex linear, i.e., compatible with the respective complex structures. Since 
M is homogeneous, T{r]) is complex linear on each tangent space, and this 
means that rj is holomorphic. Therefore ?y*L>^' is a holomorphic line bundle 
over M and we obtain a G-equivariant puUback map H = r(L-K') r(?7*L-H')- 
Its kernel consists of all those sections vanishing on r]{M), which corresponds to 
the elements w G {tt{G)v)'^. In particular, this map is injective if w is a cyclic 
vector. 

That (tt, n) is irreducible if G is connected follows from [NeOO| Prop. XV.2.7]. 

(c) If a; G Wtt, then id7r(a;) is bounded from above, so that, so that {z, a) i-^ 
ao e^'^^(^) defines a continuous action of C+ on Ti' which is holomorphic on C5|_ 
and satisfies (i,a) n* (expQ{—tx))a (cf Example lS.Sp . As ij is G-equivariant 
and holomorphic, it is also equivariant with respect to the C+-actions on M 
and the holomorphic action on ¥(Ti') by (z, [a]) [a o e^^'^(^)]. Therefore the 
C_|_ actions on M and on Ti.' combine to a holomorphic action of C+ on r/*L->^/. 
Now we combine Theorem 15.71 with Remark 15.91 to obtain (c) . Here we only 
have to observe that the realization of H by holomorphic sections of leads 
on the dual bundle, whose complement of the zero-section can be identified with 
H' \ {0}, to the evaluation hmctional Ka^ = v ^ H (cf Example 15. lOp . ■ 

Example 5.12 An important special case where the requirements of Theo- 
rem l5.11] are satisfied occurs if the G-action on the complex manifold M extends 
to a holomorphic action of a complex Lie group Gc 3 G with holomorphic ex- 
ponential function. 

If (tt, H) is an irreducible representation of a compact Lie group G, then it is 
finite dimensional and in particular bounded, so that tt extends to a holomorphic 
representation tt: Gc — > GL(7i). Since the highest weight orbit G[vx] is a 
compact complex manifold, it is also invariant under the Gc-action on P(7i), and 
Theorem l5.11[ applied to the maximal torus H C G, implies that /^r = conv(C'^) 
for = MG[vx]). 
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Remark 5.13 (a) If G is finite dimensional, then Theorem 15.71 applies to all 
irreducible semibounded representations ( [NeOOt Prop. XII. 3. 6]), where G/H is 
the highest weight orbit G[v\\ C Y{H\), and this eventually leads to 1^,^ = 
conv(0_iA)- 

(b) We have already seen in (fTO|) that, for finite dimensional groups, the 
highest weight orbit G[v\] C P(7Ya) can be characterized as the inverse image 
of the set Ext(/,rx) '^^ extreme points of the momentum set (Remark [53]). For 
the special case where G is a compact group, one finds in [IIa82j a different 
characterization of the highest weight orbit as the set of all those elements for 
which the subrepresentation of Syia' {T-L\) generated by u i8) u is irreducible. It 
would be interesting to see if a similar result holds in other situations. 

If G is finite dimensional, for any [v\ G G[v\] the orbit of is a complex 

manifold (actually a holomorphic image of G[i;a]), and from that one can derive 
that the cyclic representation it generates is irreducible ( [NeOOi Prop. XV. 2. 7]). 

Another interesting characterization of the highest weight orbit of an ir- 
reducible representation of a compact Lie group is given in |DF77j . Starting 
with an orthonormal basis iFi , . . . , iFn of the Lie algebra g with respect to an 
invariant scalar product, one defines the invariant dispersion of a state [v] by 

{^Ff ^ ( Y{Fr - (Fr))^), where (A) ^ i^UlA for A = A*. 
\ ^ — ' / \v. v) 

If G := ^YliT ^'^^ corresponding Casimir operator, which acts on ?i as a 

multiple cl of the identity, one easily finds that 

{^Ff^c-\\^^{\v\)f, 

which is minimal if ||'I'7r([w])|| is maximal. As = conv(07r) holds for a coad- 
joint orbit Ott, and the scalar product on g, resp., g' is invariant, the orbit O-^ 
is contained in a sphere. Therefore the invariant dispersion (Ai^)^ is minimal 
in a state [w] if and only if $^([t;]) S = Ext(/Tr). 

6 Invariant cones in Lie algebras 

In this section we take a closer look at important examples of invariant convex 
cones in Lie algebras. 

6.1 Invariant cones in unitary Lie algebras 

Examples 6.1 If 7i is a complex Hilbcrt space, then the Lie algebra u(7i) of 
skew-hermitian bounded operators contains the open invariant cone 

Cu{H) ■= {x e u{n) : ix « 0} 

(cf. Example HlOl). 

More generally, for any unital G*-algebra A, the Banach-Lie algebra u(^) = 
{x £ A: X* = —x} contains the open invariant cone 

Cu(A) '■= e vl{A) : ix « 0}. 
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6.2 Invariant cones in symplectic Lie algebras 

Definition 6.2 If y is a Banach space and q: F — > K a continuous quadratic 
form, then we say tliat q is strongly positive definite, written q » 0, if ,Jq 
defines a Hilbert norm on V . In particular we are asking for V to be complete 
with respect to this norm. 

Now let {V,uj) be a strongly symplectic Banach space (cf. Remark |B.2[) and 
5p{V,u}) C Qi{V) be the corresponding symplectic Lie algebra. We associate to 
each X S sp(y,a;) the quadratic Hamiltonian Hx{v) := \Ld{Xv,v) and obtain 
an open invariant cone by 

W^.p(Kc.) := {X e spiV^Lu) : Hx » 0} 

which is non-empty if and only if V is topologically isomorphic to a real Hilbert 
space which carries a complex Hilbert space structure (•, •) with 

w) = Im(w, ?«) for v,w€V 

(cf. Proposition El |AM78[ Thm. 3.1.19]). 

Definition 6.3 Actually sp{V,u!) is a Lie subalgebra of the semidirect product 

t)5p{V,uj) :— f)eis(V", oj) x:sp(y", w), 

where i)eis{V,u!) — M.®^ V is the Heisenberg algebra associated to {V,uj), with 
the bracket 

[iz,v),{z\v')] := {Luiv,v'),0). 

Since every continuous linear functional on V is of the form ixto, the discussion in 
Remark lB.2l implics that f)Sp(y, uj) can be identified with the space of continuous 
polynomials of degree < 2 on V, endowed with the Poisson bracket 

{/, 5} = ^{Xg, Xf) where ixfi^ = df. 

Let Heis(y, u) := Mx be the Heisenberg group of{V, uj) with the multiplication 

{t, v){t', v') := {t + t' + ^uj{v, v'), v + v'). 

Then the Jacobi group HSp(V', cj) := Hcis(V^,ijj)xiSp(V^,ijj) acts by cr((c, w, .g), :— 
w -\- gv on V and the corresponding derived action is given by a{z,w, x){v) = 
—w — Xv, so that 

{i&(z,w,x)^)v = -uj{w + Xv, ■) = 
Therefore this action is Hamiltonian with equivariant momentum map 
$: -> i)sp(y,ujy, ^{v){c,w,A) := ~c~uj{w,v) ~ ^uj{Av,v) 
(cf. [NeOOl Prop. A.IV.15], where we use a different sign convention). 
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Lemma 6.4 The convex cone 

Kmv,o.) ■■= {(C' A) e i)Sp{V, uj) : {Vv e V)c + uj{x, v) + Ha{v) > 0, Ha » 0} 

is open and invariant in the Banach-Lie algebra i)sp{V,uj). It is contained in 
the larger open invariant cone 

W^H5p(y,c.) := {{c,v,A) e l)sp{V,u): Ha » 0}. 

Proof. It is clear that W := W,^ ,\s an invariant convex cone. It remains 
to show that it is open. If f{v) = c+lli{x, v)-\-\uj{Av, v) is such that Ha is strictly 
positive, then d/(w) = i^uj + iav'^^ which vanishes if and only if u = —A~^x. It 
follows in particular, that each such function has a unique minimal value which 
is given by 

f{—A~^x) = c — uj{x, A~^x) + ^w(a;, A~^x) = c — ^w(a;, A~^x). 

Therefore the condition / > is equivalent to c > ^ijj{x, A~^x), showing that 
is indeed open in [)5p(V,a;). ■ 

From now on we assume that 7Y is a complex Hilbert space, V = TYk is 
the underlying real Banach space, and uj{v, w) := lm.{v, w) is the corresponding 
symplectic form. Then Iv = w is a complex structure on Hv. leaving oj invariant. 
It satisfies 

= Im(ro,t>) = . (13) 
Formalizing this property leads to: 

Definition 6.5 We call a real linear complex structure J: Ti ^ H ui-positive if 
ui{Jv, w) is symmetric and positive definite and write I^i for the set of w-positive 
complex structures on H. 

The following lemma is well known for the finite dimensional case, but it 
carries over to infinite dimensional Hilbert spaces. It implies in particular that 
= Oi is an adjoint orbit of the Lie algebra sp(W). 

Lemma 6.6 The following assertions hold: 

(i) Sp{n)nsp{n) = {g € GL(Hr): Ig'^I = -g-^ = g} is the set of complex 

structures J onH for which uj{Jv,w) is symmetric. 

(ii) = /eP for p := {x G 5p{n) : Ix = -xl} = {x € sp{n) : x~^ = x}. 

(iii) The conjugation action of Sp{H) on leads to a diffeomorphism = 
Sp(W)/U(W). 

(iv) If A & 5p{H) is such thai Ha ^ 0, then there exists a unique u-positive 

complex structure J onH commuting with A. 
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(v) Ad(Sp,,,(H))/ = { J e : \\I - JIU < 00} = n 5p,,,{n). 

Proof. (i) That lu{Jv,'w) is symmetric is equivalent to J G sp{H), and as 
= — J characterizes complex structures, (i) follows. 

(ii) We have seen in that / is w-positive. Let J be another w-positive 
complex structure. Writing J = ue^ according to the polar decomposition of 
Sp{n) with u G Vin) and a; G p ( |Ne02a[ Thm. I.6(iv)]), we see that = -1 is 
equivalent to = — 1 (u is a complex structure) and ux = —xu {x is antilinear 
with respect to u). If this is the case, then 

uj{Jv, v) = uiiue'v, v) = uj{e~'^/'^ue''^'^v, v) = Lj(ue^/^w, e^/^w) 

shows that J is w-positive if and only if u has this property. Since u is complex 
linear, Ti. decomposes into ±i-eigenspaces Ti.± of u. Then u;(uv, v) is positive 
definite on and negative definite on Ti.-, so that the w-positivity implies 
u = I. This proves (ii). 

(iii) For g — ue^ G Sp(7i), the relation g~^Ig — e~^Ie^ = le^^ shows that 
Sp(7i) acts transitively on lu,. As U(7i) is the stabilizer of /, (iii) follows from 
the smoothness of the map J = le^ ^ x — ^ log( J). 

(iv) Let {v,w)a '■— oj{Av,w) denote the real Hilbert structure on TL defined 
by A. Then 

w(x, y) = u{A(A-^x),y) = (A^^x, y)^ 

implies that A~^ is skew-symmetric with respect to (•, ■)a, and the same holds 
for A itself. Therefore —A^ > and J := {—A'^)~^/^A is a complex structure 
leaving (•, invariant (cf. jAM781 Thm. 3.1.19]). Then 

L0{JV, V) = UJ{{-A^)-'^^AV, V) = ((-yl2)-l/2^^ 

is positive definite, so that J is w-positive. 

If J' is another w-positive complex structure commuting with A, then the 
construction of J shows that it also commutes with J. Therefore JJ' is an 
involution and since J and J' are cj-positive, the — 1-eigenspace of this involution 
is trivial, which leads to J' = J. 

(v) From the polar decomposition 

Sp,,3(7^) = U(7^)exp(p2) with P2 :=pnsp,,,(W) ={xGp: |lx||2 <oo} 
we derive that — /e^^. For the entire function F{z) := , we then have 

le" -I = IF{x)x, 

Since F{x) is invertible for the real symmetric operator x by the Spectral Map- 
ping Theorem, it follows that le^ — I is Hilbert-Schmidt if and only if x has 
this property. 

For J = le^ we also observe that 

[/, J] = -e^ - /e^/ = e"^ - = e~^(l - e^^) = -e-"" F{2x)2x, 

so that [/, J] is Hilbert-Schmidt if and only if x is. This leads to I^^^ 

= x^nsp„,(w). ■ 
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The following theorem is a useful tool when dealing with invariant cones in 
symplectic Lie algebras. 

Theorem 6.7 For the canonical open invariant cones in sp(7i), sp^^g{Ti.) and 
()Sp(7i) we have the following conjugacy results: 

(i) W,p(H) = Ad(Sp(H))CuCH) and C^^n) = M^=pCH) n u(7^). 

(ii) VK,p_(„) := VK.pH) nsp,es(H) = Ad(Sp„,(7i))C„(H). 

(iii) M^i,5p(-H) = Ad(HSp(7i))(R x {0} x C^(j-c)) for the corresponding Lie group 

HSp(7i:) = Hcis(7i:) >^ Sp(7i;). 

(i^) ^f)ap_(«) W^,,(n) n f)5p,,,(H) = Ad(HSp„,(7i))(M x {0} x for 
HSp,,,(7i) :=Hcis(7^)xSp,,,(H). 

Proof. (i) If A G sp(7i) is complex linear, then A* ~ —A, so that uj{Av, v) = 
Im.{Av,v) = {—iAv,v). Therefore A e W^pCH) is equivalent to <<C 0, i.e., 

w,p(H) nu(H) = Cu(H). 

For A S Wsp(^) we find with Lemma iG.Gf iv) a J e commuting with A. 
For any t/ € Sp{H) with J = Ad(g)/, whose existence follows from Lemma lG^ ih). 
we conclude that Ad{g)~^A commutes with /, hence is contained in Wspc^) n 
u{H) = Cucj^). This proves (i). 

(ii) In view of Lemma lG.Gr v). it suffices to show that for any A e M/5p^^^(K) the 
corresponding cj-positive complex structure J = {—A'^)~^^'^A from Lemma fe.Sf iv) 
is contained inl^°*', i.e., [I, J] is Hilbert-Schmidt. Since commutes with /, 
we have [I, J] = {-A^y-Z^ll , A], so that the invertibility of (-A^)"^/^ implies 
that A G sp^^^{H) is equivalent to J € 5p^.^^{Ti.). 

(iii) As we have seen in the proof of Lemma 16.41 above, for each element 
{c,x,A) £ VF|,spCH), the Hamiltonian function f{v) = c + uj{x,v) + Ha{v) has a 
unique minimum in —A~^x. Since the adjoint action of the Heisenberg group 
Heis(7i) C IISp(7i) corresponds to a translation action on H, each adjoint 
orbit Ox in M^ijsp(y.tj) contains an element Y whose corresponding Hamiltonian 
function is minimal in 0, so that F G R x {0} x sp(7i). In view of (i), each orbit 
in VF|,<ip(y,cj) meets the subalgebra R x {0} x u{H), and this proves (iii). 

(iv) follows by combining the argument under (iii) with the proof of (ii). ■ 

6.3 Invariant Lorentzian cones 

If (g, P) is a Lorentzian Lie algebra, i.e., /3 is an invariant Lorentzian form (which 
is negative definite on a closed hyperplane), then each half of the open double 
cone {x G g: f3{x, x) > 0} is an open invariant cone in g. 

Example 6.8 A particularly important example is g = sl2(R) with P{x,y) = 
— tr(xy). Indeed, the basis 
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is orthogonal with 



P(xh + yu + zt, xh + yu + zt) 



2x^ + 2y^ ~ 2z^. 



For = s[2(R), the adjoint group coincides with the identity component 
SO(0,/3)o = SOi,2(K)o) which imphes that the adjoint and coadjoint orbits 
are the connected components of the level surfaces of the associated quadratic 
form, and the 0-level surface of isotropic vectors decomposes into the 0-orbit 
and two isotropic orbits lying in the boundary of the double cone. This de- 
scription of the adjoint orbits implies in particular that there are precisely two 
non-trivial open invariant cones, namely the connected components of the set 
{x: P{x, x) > 0}. 

Remark 6.9 Other examples of Lorcntzian Lie algebras arise as double exten- 
sions from Lie algebras q^, endowed with an invariant scalar product k^: If 
D G der(g°, k'^) is a continuous skew-symmetric derivation, then g := M x g'^ x R 
is a Lie algebra with respect to the bracket 

[{z,x,t),{z',x',t')] = {K"{Dx,x'),tDx' -t'Dx+ [x,x'],0) 

and the continuous symmetric bilinear form 

X, t), (z', x' , t')) := zt' + z't + K^{x^ x'), 

is easily seen to be invariant. The pair (g, k) is called a double extension of 
{s",K°) (cf. |MR85j ). 

Example 6.10 (a) If t is a compact Lie algebra and g° :— C°°{S^,t) is the 
corresponding loop algebra, then we identify its elements with 27r-periodic func- 
tions on M. With an invariant scalar product K( on 6, we obtain the invariant 
scalar product 



on g*^, and the derivation DS^ := ^' is skew-symmetric. The corresponding double 
extension produces the (unitary forms) of the untwisted affine Kac-Moody Lie 
algebras. 

(b) If g" := U2(7i) is the Lie algebra of skew-hermitian Hilbert-Schmidt 
operators on the Hilbert space Ti and A = —A* e u(H), then K^{x,y) := 
tr(a;j/*) = — tr{xy) is an invariant scalar product on g° and one obtains a double 
extension for the derivation D{x) := [A,x]. It is non-trivial if and only if 
A^mi + U2{H) (cf. [Ne02a0 . 

Problem 6.11 Classify infinite dimensional Lorentzian Lie algebras g which 
are complete in the sense that for a; € g with (i{x,x) > the orthogonal space 
is a Hilbert space with respect to — /3. The construction in Example IG.lOf b) 
produces interesting examples. 
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Finite dimensional indecomposable Lorentzian Lie algebras have been classi- 
fied by Hilgert and Hofmann in [HiHo85| . The simple result is that an indecom- 
posable finite dimensional Lorentzian Lie algebra is either s[2(M), endowed with 
the negative of its Cartan-Killing form, or a double extension of an abelian 
Lie algebra, defined by an invertible skew-symmetric derivation D ( |HHL89l 
Thm. IL6.14]). 

6.4 Invariant cones of vector fields 

Example 6.12 Let g = V(S^) — C°°{E>^)de be the Lie algebra of smooth vector 
fields on the circle §^ = M/Z, where dg := ^ denotes the generator of the right 
rotations. Then 



is an open invariant cone (cf . Section [7| • 

Example 6.13 The preceding example has a natural higher dimensional gen- 
eralization. Let (M, g) be a compact Lorentzian manifold possessing a timelike 
vector field T, i.e., gm{T{m), T{m)) > for every m G M . Then 



is an open convex cone in the Frechet space V(M) and its intersection with the 
subalgebra conf(M, g) of conformal vector fields is an open invariant cone. For 
M = all vector fields are conformal and we thus obtain Example 16. 121 

6.5 Invariant cones and symmetric Hilbert domains 

Example 6.14 (a) We recall from Example 13. 2r g) the concept of a symmetric 
Hilbert domain and write G := Aut(I?)o for the identity component of its auto- 
morphism group. We assume w.l.o.g. that V is the open unit ball of a complex 
Banach space V (cf. [Ka83], [Ka97]). Let if = G n GL{V) be the subgroup of 
linear automorphisms of T), i.e., the group of complex linear isometrics of V and 
let i = L{K) be its Lie algebra. Then 



is a pointed open invariant convex cone in g (cf. [Ne01a| Thm. V.9], and [Vin80|, 
Thm. 5] for the finite dimensional case). By definition, this open cone has the 
interesting property that every orbit in W meets 6. 

(b) Because they will also show up in the following, we take a closer look at 
some characteristic examples. In Examples 13.2( g). we have seen that the group 




W:^{X e V{M) : (Vm G M) g{X, X) > 0, g{X, T) > 0} 



Wi -.^{xei: |le"|l < 1} 



is a pointed open convex cone in the subalgebra t, and 



W := Ad{G)W( 
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G = l]ics{'H+,'H-) acts naturally on the circular symmetric Hilbert domain 
V ■.= {ze B2{H+,H-): \\z\\ < 1}. Here the stabilizer of is 

K v{n-) X v{n+), 

which acts by {a,d)z = azdr^. From the Hilbert space isomorphism 
B2{'H+,Ti.-) = 'H-®'H\, one now derives with 

||e"- (g) e~*^+|| = ||e"-||||e""+|| = sup Spec(ia;_) + sup Spec(-ia:+) 
— sup Spec(ia;_) — inf Spec(ia:;+) 

that 

Wi ~ {{x^,x+) e J = u(7Y_) X u{H+): sup Spec(ia;_) < inf Spec(ia;+)}, 

and W — Ad{G)Wi is the corresponding open invariant cone in g = u(7i+,?i_). 
Since the action of G on T) is not faithful, this cone has a non-trivial edge 
H{W) =Ra = L(T1). 

(c) For n+ ^H- and the subgroup G = Sp^^^{n) C Ui.os(W+,H-), we 
have K = \J{H), corresponding to the pairs of the form (a, a^^) e U(7i) x U(7i), 
and, accordingly, 

Wt={xe u{n) ix « 0} = Cu(H) 
(Examples I3.2f h) and l6.ip . From Theorem 16. Tf ii) it now follows that 

T^ = Ad(G)W^( =W^,p_(„). (14) 
6.6 A general lemma 

The following lemma captures the spirit of some arguments in the previous 
constructions of invariant convex cones in Lie algebras in a quite natural way. 
F.i., it applies to finite dimensional simple algebras as well as V(§^). 

Lemma 6.15 Suppose that the element d G has the following properties: 

(a) The interior Wmin of the invariant convex cone generated by Od = Ad(G)d 

is non-empty and different from g. 

(b) There exists a continuous linear projection p: q ^ Rd which preserves every 

open and closed convex subset. 

(c) There exists an element x (z g for which p{Ox) is unbounded. 

Then each non-empty open invariant cone W contains Wmm or — H^min, and for 
X € q' the following are equivalent 

(i) A e Ssoq; Ca is semi-equicontinuous. 

(ii) 0\{d) is bounded from below or above. 
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(iii) A e W*- U -W- . 

V / ^ ** mill ^ * ^ mill 

Proof. If C g is an open invariant cone, then p{W) C Md contains an 
open half hne, so that (b) imphes that W contains either d or —d. Accordingly, 
we then have Wmin C or — Wmin ^ W . 

(iii) (i): As Wmm is open, Wj^j^ U — Wj^^j^ consists of semi-equicontinuous 
coadjoint orbits (Example 1 2 . Sf b) 1 

(i) (ii): Let A € q'scci- Since i3(C'A)° is an open invariant cone, (a) implies 
that it either contains d or — d, which is (ii). 

(ii) =J> (iii): Assume w.l.o.g. that u\iO\{d) > — oo. We claim that 0\ C 
W^jjj, which is equivalent to 0\{d) > 0. 

To this end, we consider /i G g' defined by p{x) = fi{x)d. Then —d ^ Wmin 
and (b) imply that fj, G Wj^j^^, so that n{Od) > 0. If ii{Od) is bounded from 
above, then ±d G B{0^), so that the invariance of the convex cone B{Of^) 
leads to ±Wmin ^ B{0^), and hence to g = B{0^j), contradicting (c). We 
conclude that fJ.{Od) is unbounded. Applying (b) to the closed convex sub- 
set C := conv(Od), it follows that [l,oo[-o? C C, and hence that d g lim(C) 
(Lemma l2.9f iii)). As lim(C) is an invariant cone, (a) entails Wmin C lim(C). We 
finally conclude that A G B{Od) = B{C) C lim(C)^ C W*m (Lemma [^9l)(vi)). 



The preceding lemma applies in particular to finite dimensional simple non- 
compact Lie algebras f |Vin80| ): 

Proposition 6.16 For a finite dimensional simple non-compact Lie algebra g, 
the following assertions hold: 

(i) Every non-empty invariant convex subset C ^ {0} has interior points. 

(ii) // g contains a proper open invariant convex cone, then there exist minimal 

and maximal open invariant cones Wmin C Wmax such that for any other 
open invariant cone W we either have 

Wmin C W C Wmax Or Wnin C - W C Wmax- 

In this case the set of semi-equicontinuous coadjoint orbit in g' coincides 

mi/i w*i„u-w,;i„. 

Proof. (i) If 7^ C 7^ {0} is invariant and convex, then span(C) is a non-zero 
ideal of g, hence equal to g. If the affine subspace generated by C is proper, then 
its translation space is a hyperplane ideal of g, contradicting the simplicity of 
g. Therefore C generates g as an affine space, hence has interior points because 
dimg < oo and C contains a simplex of maximal dimension. 

(ii) Let g = t © p be a Cartan decomposition of g and 3 := 3 (J) be the 
center of 6. Then the existence of invariant cones implies that 3 = 3j, (t) = Md is 
one-dimensional ( |Vin80| ) . Therefore we have a fixed point projection p^: g — > 3 
with respect to the action of the compact subgroup e^'^', and this projection 
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preserves all open and closed invariant convex subsets (Proposition 12. Uf a)). If 
p^{Ox) is bounded for every x G then pj, considered as a linear functional 
on 0, has a bounded orbit. As g is simple, this implies that all coadjoint orbits 
are bounded, and this contradicts the non-compactness of g. Therefore (a)-(c) 
in Lemma 16.151 are satisfied, which implies that the set of semi-equicontinuous 
coadjoint orbits is W^i„ U — W*^;^. ■ 

7 Connections to C*-algebras 

In this section we discuss two aspects of semibounded representation theory in 
the context of C*-algebras. The first one concerns the momentum sets of re- 
strictions of representations of a unital C*-algebra A to its unitary group U(^), 
and the second one concerns covariant representations for C* -dynamical systems 
defined by a Banach-Lie group H acting on a C* -algebra A. Using the results 
from Appendix |A1 it follows that covariant representations lead to smooth uni- 
tary representations of the Lie group \J{A°^) x H, so that spectral conditions 
for covariant representations can be interpreted in terms of semibounded repre- 
sentations and the theory of invariant cones in Lie algebras becomes available. 

In this subsection A denotes a unital C*-algebra and U(^) its unitary group, 
considered as a Banach-Lie group (Example l3.2r a)). We identify the state space 

S{A) := WeA': ¥^(1) = ||<^|| - 1} C {.^ e ^(u(yl)) C iR} 

of A with a subset of u(^)' by mapping ip G 5* (-4) to the real- valued func- 
tional ~i(p\u(A) e u{Ay (cf. p'fcOOl Sect. X.5] for more details). 

7.1 Representations of the unitary group 

If (tt, Ti.) is a unitary representation of U(y^) obtained by restricting an algebra 
representation, then its momentum set is simply given by 

I^ = {pe S{A): ^(kerTr) = {0}} = S{A) n (kerTr)-^ ^ S{n{A}) 

(cf. [NeOOi Thm. X.5. 13]). In particular, the momentum set is completely deter- 
mined by the kernel of the representation tt, resp., the C*-algebra tt{A). This 
is why representations with the same kernel are called physically equivalent in 
algebraic Quantum Field Theory ( [IIK64j ). 

In [Dix64i Thm. 9.1] one finds a characterization of the separable C*-algebras 
A of type / as those for which irreducible representations are determined by 
their kernels, hence by their momentum sets. More generally, postliminal C*- 
algebras have this property ([Dix64, Thm. 4.3.7]). We conclude in particular 
that the existence of separable C* -algebras A which are not of type / implies 
the existence of non-equivalent irreducible representations (tti , Tii) and (7r2, Ti.2) 
with kerTTi — ker7r2, and hence with /^^ — I^^^- We thus observe: 
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Theorem 7.1 Bounded irreducible unitary representations of Banach-Lie groups 
are in general not determined up to equivalence by their momentum sets. 

Proposition 7.2 (Momentum sets of irreducible representations) For irreducible 
representations (7r,7i) of a C* -algebra A, the following assertions hold: 

(i) U(,4) acts transitively on P(7i), so that O^r im(*i'7r) is a single coadjoint 

orbit with — conv(C'7r)- 

(ii) Ott consists of pure states, i.e., Oj^ C F,xt(S{A)). 

(iii) Two irreducible representations tti and 1^2 ore equivalent if and only if 

Proof. (i) |Dix64[ Thm. 2.8.3] 

(ii) [Dix64[ Prop. 2.5.4] 

(iii) (of. |Dix64| Cor. 2.8.6]) From the naturality of the momentum map 
it foUows that equivalent representations have the same orbits. The converse 
follows from the fact that an irreducible representation can be recovered from 
any of its pure states (p by the GNS construction, and states in the same V{A)- 
orbit lead to equivalent representations. ■ 



In |BN10| these results are generalized to irreducible representations oi\J{A) 
occurring in tensor products of algebra representations and their duals. 

Examples 7.3 (a) If tt is the identical representation of the C* -algebra A = 
B(Ti) on Ti, then the corresponding momentum map is given by 

*-(H)(^) = -^^^ = -*tr(xP„), 
i {v,v) 

where Pv{w) = ^^'^^ v is the orthogonal projection onto [v]. Clearly, this rep- 
resentation is faithful and irreducible, so that Itt = S{A). On the other hand 
Ott = im(<I'7r) can be identified with the set of rank-one projections, as ele- 
ments of the dual space A' . With the trace pairing, we can embed the subspace 
Hermi(7i) of hermitian trace class operators in to the dual A' . Then 

Hermi(7i:) n S{A) = {S e Hermi(7i): S* > 0,tr5 1}, 

and the Spectral Theorem for compact hermitian operators implies that 

ExtiS{A)) n Hermi(7^) = $^(P(H)) 

is a single coadjoint orbit. However, since the Calkin algebra A/K{'H) is non- 
trivial if dimH — 00, A also has pure states vanishing on the ideal K{H) of 
compact operators and U(?i) does not act transitively on Ext(S'(.4)). 
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(b) For the natural representation oi G ~ U(7i) on the symmetric powers 
S"{'H), the elements [v"], 7^ w G 7i, form a single G-orbit on which the complex 
group GL{H) — acts holomorphically (Proposition \7.'2t i) ) . Since 

*S"W(K]) ="$.(H) for O^veH, 
it thus follows from Example 15. 121 that 

Is^(iT)^nI^- (15) 

For a generalization to more general subrepresentations of Ti**" we refer to 
IBNIOI . 

7.2 C*-dynamical systems 

Definition 7.4 Let G be a topological group and A a G*-algebra. A G*- 
dynamical system is a triple (yl, G, a), where a: G — > AvLt{A),g 1-^ a^, is a 
homomorphism defining a continuous action of G on A. 

Theorem 7.5 f [NelOj l //G is a Banach~Lie group and {A, G, a) a C* -dynamical 
system, then the space A°° of smooth vectors is a Frechet algebra with respect 
to the locally convex topology defined by the seminorms 

Pn{a) := sup{||da(xi) • • •da(x„)a|j : Xi G g, \\x.i\\ < 1}, n e Nq, 

and the action of G on A°° is smooth. If, in addition, A is unital, then A°° is 
a continuous inverse algebra. 

Now let (.4, H, a) be a G*-dynamical system, where is a Banach-Lie group 
and is a unital G*-algebra. Then \]{A°°) carries a natural Frechet-Lie group 
structure (cf. Example I3.2r a)). and we can form the semidirect product Lie 
group G := U(^°°) x H. 

For the proof of the following theorem, we record a general observation on 
invariant cones. 

Lemma 7.6 If W Q q is an open invariant convex cone, then we have for each 
element x £ q satisfying (adx)^ = the relation [x,q\ C H[W). In particular, 
X is central if W is pointed. 

Proof. Let w eW. Then, for each i e M, we have w + R[x, w] = e'^'^'^^w C 
W, so that [x, w] e H{W) (Lemma[2H). Now g = W-W leads to [x, g] C H{W). 
If, in addition, W is pointed, this implies that [a;,g] = {0}, i.e., x £ 3(0). ■ 

Theorem 7.7 Let (7r,p, ?i) be a covariant representation of {A,II,a), i.e., tt 
is a non- degenerate representation of A onTi. and p is a unitary representation 
of H satisfying 

iriagA) = p{g)Tr{A)p{g)-^ for A e A, g £ H. 
Then the following assertions hold: 
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(i) The corresponding representation 7r(a, h) TT{a)p{h) of G = V{A°°) xi H is 

smooth if and only if p has this property. 

(ii) = u{A°°) X Wp and n is semibounded if and only if p has this property 
if and only if 7^ • 

(iii) If A is commutative andw is semibounded, then the identity component Hq 

of H acts trivially on Tr{A). 

Proof. (i) For every i7-smooth vector v E H, the smoothness of the map 
V{A) X H ^ ?{, {a,g) 1-^ ■n{a)p{g)v follows from the smoothness of the action 
of the Banach-Lie group U(^) on Ti.. Since the inclusion \]{A°°) — > U(^) is 
smooth, it follows that every i?-smooth vector is smooth for G, so that the 
corresponding unitary representation tt: G — > U(7Y), {a,g) 1— > ■K{a)p{g) of G is 
smooth whenever p has this property. 

(ii) Clearly il = d7r(«l) S d7f(0), so that tt is semibounded if and only 
if Gff 7^ fProposition 14. 7p . Since A acts by bounded operators, we have 
\x{A'=") C H{W^), and thus 

W^ff = u(y^°°) X (VKs n f]) = u{A°^) X Wp. 

Therefore tt is semibounded if and only if p is semibounded. 

(iii) As \x{A°°) is an abelian ideal of g. Lemma FTGI implies that [u(^°°), f)] C 
H{CTr) = kerdTT, i.e., that Hq acts trivially on the G*-algebra Tr{A). ■ 

Remark 7.8 A closely related fact is well-known in the context of G* -dynamical 
systems with the group H = M.'^. To explain the connection, let G C f)' be a 
closed convex cone. Then we say that (tt, p, Ti) satisfies the C -spectrum con- 
dition if —idp{x) > for x G G*, i.e., Ip C G. If G* has interior points, we 
have just seen that the G-spectrum condition implies that n is semibounded, 
and if tt is faithful and A is commutative, this can only happen if H acts triv- 
ially on A (cf. [Bo96[ Thm. IV. 6. 2]). To obtain non-trivial situations, one has 
to consider non-commutative algebras. Typical examples arise for any semi- 
bounded representation {p,Ti.) of H for A K{T^) (compact operators on H.) 
and ag{A) := p{g)Ap{gy^. 

Example 7.9 (a) If {p^Ti) is a smooth representation of G, then the corre- 
sponding action of G on Kiji.) defined by ag{A) := p[g)Ap{g)~^ also has a 
dense space K{Ti,)°° of smooth vectors because for every pair {v,w) of smooth 
vectors the corresponding rank-one operator P^^w, defined by Pv,wix) :— {x, w)v 
satisfies 

OtgPv,w — Pp{g)v,p[g)wi 

which easily implies that its orbit map is smooth. 

(b) If 7i is a complex Hilbert space and A := CAR(7i), then the canonical 
action of the orthogonal group 0(7i) (of the underlying real Hilbert space) on A 
is continuous and the subalgebra A°° of smooth vectors is dense because it con- 
tains a(7i) and hence the *-subalgebra generated by this subset (cf Section [TU]) . 
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(c) To find a similar situation for tlie CCR is not so obvious because the 
Weyl algebra CCR(H), i.e., the C*-algebra defined by the generators W{f), 
f € Ti., and the Weyl relations 

W{fr = W{-f), W{f)W{h) - + h) 

is a very singular object. The map W : Ti ^ CCR(7i) is discontinuous, even on 
every ray in Ti. ([BRE)7l Thm. 5.2.8]). Since the action of the symplectic group 
Sp('W) preserves these relations, it acts by ag{W{f)) — W{gf) on CCR{H), but 
this action is highly discontinuous (cf. Section [9|). 

It seems that one possible way out of this dilemma is to find suitable C*- 
algebras consisting of operators with a more regular behavior than CCR(7i ) . For 
interesting recent results in this direction we refer to Georgescu's work |Ge07j . 
Another step in this direction is the construction of a C* -algebra A for each 
countably dimensional symplectic space whose representations correspond to 
those representations of the corresponding Weyl relations which are continuous 
on each one-parameter group ([GrNe09j). 

8 The Virasoro algebra and vector fields on 

In this section we discuss invariant cones in the Lie algebra V(S^) of smooth 
vector fields on the circle and its (up to isomorphy unique) non-trivial central 
extension oir, the Virasoro algebra. For V(§^) we show that, up to sign, there 
is only one open invariant convex cone given by vector fields of the form 
with / > 0. As is well-known on the Lie algebra level, all unitary highest weight 
representations of V(§^), resp., the subalgebra of vector fields for which / is a 
finite Fourier polynomial, are trivial. On the group level we show the closely 
related result that all semibounded unitary representations of Diff(§^)+ are 
trivial. This is the main reason for the Virasoro algebra and the corresponding 
simply connected group Vir playing a more important role in mathematical 
physics than Diff(§i)+ itself (cf. |SeG81) . [Mick89) . [Ot9l]). For Dir we prove 
a convexity theorem for adjoint and coadjoint orbits which provides complete 
information on invariant cones and permits us to determine the momentum sets 
of the unitary highest weight representations of Vir and to show that they are 
semibounded. 

8.1 The invariant cones in V(S^) 

We consider §^ as the quotient R/27rZ and identify smooth functions on §^ with 
the corresponding 27r-periodic smooth functions on R, where the coordinate is 
denoted by 6. Accordingly de := is the vector field generating the rigid 
rotations of We write G := Diff (S^)'^'' for the group of orientation preserving 
diffeomorphisms endowed with the group structure defined hy ip ■ := o 
ifi, so that = V(Si) = C°°iE,^)de is its Lie algebra (cf. Examples [Sj^e)). 
We represent orientation preserving diffeomorphisms of §^ by smooth functions 
1^ : M ^ R satisfying ip{e + 2tt) = ip{e) + 2tt for 6* G R and (/?' > 0. 



46 



In the following it will be convenient to consider the spaces 

jc-^(§i) C°°(§l)(d6')^ seR, 

of s-densities on Here (dO)" denotes the canonical section of the s-density 
bundle of §^ and G acts on JFs(§^) by puUbacks 

ip*{u{dey) = (u o ip){ip*d9y ^{uo ip){ip'y{dey. (le) 

The corresponding derived action of the Lie algebra V(§^) is given by the Lie 
derivative 

Cfo.iuidey) = ifu' + sf'u)id0y. (17) 

The space is the space of 1-forms and T-i = V(§^) is the space of vector fields 
on which (I16p describes the adjoint action. We have equivariant multiplication 
maps JFs X jFt — !■ Ts+t, and an invariant integration map 

/: ^1 ^M, fde^ [ f{0)de, 

Jo 

which leads to an invariant pairing J-_i x J^2 ^ Sind hence to an equivariant 
embedding 

Its image is called the smooth dual of q. Identifying it with J-'2, the coadjoint 
action of G on q' corresponds to the natural action on J^2- 

In view of (|16p. the adjoint action clearly preserves the open cone 

W^V(Si) :^{fde: f>OJeC°^{§^)} 

of all vector fields corresponding to positive functions. Since every positive 
function / with J^^ f dO — 2t: arises as ip' for some ip <^ G, each G-orbit in 
Wv(si) intersects the (maximal) abelian subalgebra i := Rdg. We also have a 
projection map 

Pt : ^ t, fde^^ fj f{s) ds-de = 1^ Ad{p){fde) dfiri^), 

where T :— exp(t) = T is the group of rigid rotations and /i^ the normalized 
Haar measure on T. 

The following lemma provides some fine information on the convex geometry 
of adjoint orbits in Wyfgiy 

Lemma 8.1 The function x' W^v(si) ~^ fde i— > xif) '■= 57 Jq^ j dO has the 
following properties: 

(i) It is smooth, G-invariant and strictly convex. 

(ii) // the sequence (/„) in Wy(si) converges to f £ 9Wy(si), then xifn) 00. 



47 



(iii) xif + 5) < xif) for f,ge VKv(si) ■ 

(iv) For each c > 0, the set Ic {x G VFv(si) : xi^) !i ■^} fl*^ invariant closed 

convex subset of g with lini(/c) = M^v(Si)- Us boundary is a single orbit 

Oede = die - Ext(4) = {/ G W^v(Si) : X(/) = ^} 

which coincides with its set of extreme points and satisfies Ic — conv(C'c9e ) ■ 

(v) PiiOcdg) = Piilc) — [c,oo[-de and the only inverse image of the "minimal 

value " ode is the element cdg itself. 

Proof. (i) The G-invariance of x follows immediately from the Substitution 
Rule. The function x is convex because inversion is a convex function on M.^ 
and integrals of convex functions are convex. It is smooth because on Wv(si) 
pointwise inversion is a smooth operation (since C°° (S^ , R) is a real continuous 
inverse algebra; jG102j), and integration is a continuous linear functional. 
To verify that x is strictly convex, we observe that 

(5'^x)(/) = -^£^-^de and {dlx)if)^l fj ^d9^ (18) 

which is positive definite for each / > 0. 

(ii) Now we turn to the boundary behavior of x- Suppose that the sequence 
(/„) in Wv(si) tends to a boundary point / G (9Wv(si). Then 7(6*0) ~ for 
some ^0 G [0, 27r[, and / > implies that we also have f'iOo) = 0, hence 
f{0) < (7(6* — 6*0)^ in a compact ^-neighborhood U of ^o- Given e > 0, we 
eventually have /„ < 2C{0 — 9q)^ + e on U (here we use C^-convergence), and 
therefore 

Since J^^- ^ dO — 00, the Monotone Convergence Theorem implies that 

,s ^ 

lim / dO = 00, 

e-o j_s 2C6I2 + e 

and therefore that xifn) ~^ 00. It also follows that j'^^ dO — 00. 

(iii) If /, g G Wv(si)) then < j implies the assertion. 

(iv) From (ii) we derive that Ic is closed in g. Its invariance follows from the 
invariance of x and its convexity from the convexity of x- The boundary of Ic 
is a level set of x, and since every orbit in Wv(si) meets in a unique point 
and xIrxq^ is injective, it follows that die = Ocdg- The fact that % is strictly 

convex further implies that die ^ Ext(/c), and since the converse inclusion is 
trivial, equality follows. 
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From (iii) we derive that Wv(si) C lim(/c), so that the closedness of hm(Jc) 
(Lemma I2.9f i)) impUes that Wv(si) C hm(/c). Now equaUty follows from 
lim(/c) C lim(M/v(si)) = Wv(si) (Lemma d^ljii)). 

To see that Ic coincides with the closed convex hull D conv(C'caa), we 
first observe that we trivially have D C I^. Next we note that dg is contained 
in the 3-dimensional subalgebra 

5 := span{l, cos{9),sm{6)}d0 = 5l2(M) 

corresponding to the action of SL2(M) on Pi(M) = In s the element dg 
corresponds to the matrix 



so that Example 16.81 implies that the corresponding group S := (exps) = 
PSL2(R) satisfies pi{Ad{S)dg) = [l,oo[-de (cf. Example ElU) and from that 
we derive in particular that 

[c,(x[-dgCpi{Ocgo)^D, (19) 

SO that Ic = Ad{G){[c,oo[-dg) leads to Ic C D. 

(v) We have already seen in (fT8)) above that {dhx)ic) — lo^ hdd, so 

that p^^{cdg) is a tangent hyperplane of the strictly convex set Ic- This implies 
that cdg is the unique minimum of the linear functional — dx(c) on Ic and hence 
that p-[\cdg) n Ic = {cdg}. 

We also conclude that Pi{Ic) C [c,oo[-dg, so that (v) follows from ■ 



Remark 8.2 The topological dual V(§i)' of V(Si) = C°°{S^)de naturally iden- 
tifies with the space of distributions on Then each A G M/v(si) is a distribu- 
tion satisfying A(/) > for / > 0, and this implies that A extends continuously 
from C°°(§^) to the Banach space C(S"'^) and thus defines a (finite) positive 
Radon measure on (cf. [Sw73[ Ch. I, §4, Thm. V]). This shows that the 
functionals in W^^gi-j satisfy a strong regularity condition. 

Theorem 8.3 (Classification of open invariant cones in V(§^)) The two open 
cones ±tyv(si) are the only non-empty proper open invariant cones in V(S"'^). 

Proof. Let C C V(§^) be a non-emptry open invariant cone. Then C is 
in particular invariant under the adjoint action of the rotation group T = T, 
generated by the vector field d := dg. Averaging over T, we see that either 
d or —d is contained in C (Proposition I2.1I|) . which leads to Wv(si) C C or 

Let us assume that Wv(si) ^ C. Now we apply the same argument to the 
dual cone C* C W^^gi^ (Proposition l2. 1 U h)). If C is proper, then C* contains a 
non-zero functional A, and then d G C leads to X{d) > 0. Averaging over T now 
leads to a T-invariant functional A* G C* C Wy/giN satisfying X*{d) = \{d) > 0. 
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We conclude that A* is a positive multiple of the invariant measure fi — dO on 
= ]R/27rZ (Remark 18. 2p . which corresponds to the constant function 1 E T2, 
so that 

follows from For any fde € C we now find f^"' i;{9)'^f{9) d9 > for each 

positive function ip with J^^ V'(^) d6 — 2tt (these are precisely the functions 
occurring as (p' for an orientation preserving diffeomorphism) , and this implies 
the corresponding relation for all non-negative functions ^ with the integral 27r. 
If /(6'o) < 0, then we may choose ^ supported by the set {/ < 0} and obtain a 
contradiction. This proves that C C Wv(%i) and hence that C = Wv(si) because 
W"v(Si) = (Wv(S^)f (Lemma EH). ■ 

Proposition 8.4 For A G V(§^)' the following are equivalent 

(i) 0\ is semi-equicontinuous. 

ill) iTiiO\{de) > —00 orsu-pO\{dg) < 00. 

(iii) AeM/*(gi)U-iy*(gi). 

In particular, inf ©^(^e) > —00 implies 0\{de) > 0. 

Proof. We have to verify the assumptions of Lemma [6. 151 for d :— dg. First, 
Wv(si) is the open convex cone generated by the orbit Od- Second, the pro- 
jection Pi'. Q = t is the fixed point projection for the adjoint action of 
the circle group T, hence preserves open and closed convex subsets (Propo- 
sition [2lTT]) . Finally, we recall from Lemma IS.ir v) that pi(Od) — [l,oo[c? is 
unbounded. Now the assertion follows from Lemma 16.151 ■ 

Theorem 8.5 The quotient M G/T of the group G = Diff (§i)+ by the sub- 
group T of rigid rotations carries the structure of a complex Frechet manifold on 
which G acts smoothly by holomorphic maps. Here the tangent space Txg{G/T) 
in the base point xq — IT is canonically identified with gc/p, where 

00 

p = [fde e G^{S\C)dg: f = ^a„e™^a„ G c}. 

n<0 

For each element x € W'v(si); the flow on M defined by (t,gT) 1-^ exp(tx)gT 
extends to a smooth flow on the upper half plane C-^. which is holomorphic on 
Cl X M. 

Proof. The complex structure on M has been discovered by Kirillov and 
Yuriev (cf. [Ki87| , [KY87| , [Ov01| ; see in particular [Le95^ for rigorous arguments 
concerning the complex Frechet manifold structure). Complex structures always 
come in pairs, and we therefore write M for the same smooth manifold, endowed 
with the opposite complex structure. 
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According to |KY87| . the complex manifold structure on M can be ob- 
tained by identifying it with the space ^reg of normalized regular univalent 
functions f : T) C, where V is the open unit disc in C. These are the 
injective holomorphic maps f : V ^ C extending smoothly to the closure of 
V and satisfying /(O) = and /'(O) = 1 (cf. |GR07l Sect. 6.5.6] for a de- 
tailed discussion). Here the complex structure is determined by its action on 
T,„(G/r)=Tid,(.F,eg)-g/t: 

/[(e™»-He-™'')50] = [(-ie"^ + ze~™'')9e] for ti > 0. 

Since each x G Wv(si) is conjugate to a multiple of de, it suffices to assume 
that X = de is the generator of the rigid rotations of §^ . In this case the action 
of the one-parameter group T — expQ(Ma::) on T-ccg is given explicitly by 

Raf — Ra ° / ° R-a^ whcrC RaZ — e*"z, Q; G M 

(cf. [GR07[ Prop. 6.5.14]). If Ima < 0, then |e-*"| < 1, so that Ro,{V) C V 
implies that Raf can still be defined as above, is continuous on C_ := — C+ 
and depends holomorphically on a for Ima < 0. This implies the holomorphic 
extension to C_ for the complex manifold ill. For the manifold M we therefore 
obtain an extension to C+. ■ 

The holomorphic extension of actions of one-parameter groups on G/T can 
be carried much further. As shown by Neretin in |Ner90| . one even has a "com- 
plex semigroup" containing G in its boundary which acts on G/T . 

Below we shall use the preceding theorem to identify the momentum sets for 
the unitary highest weight representations of Oirc. 

Definition 8.6 For the following we recall some algebraic aspects of V(§"'^). In 
the complexification V(§^)c, we consider the elements 

d„:=ie"^ae, n e Z, (20) 

satisfying the commutation relations 

[dn, dm] = (n - m)dn+m- 

The standard involution on this Lie algebra is given by {fdg)* = —fdg, so that 
X* = —X describes the elements of V(§^). Note that d* = d-n and in particular 
c?o — do, so that do = ide is a hermitian element (cf. }KR87l p. 9]). 

Theorem 8.7 All semibounded unitary representations of the group Diff (§"'^)_|_ 
are trivial. 

Proof. Let (tt, H) be a semibounded unitary representation of G = Diff (8^)^^"^. 
Then ^ 0, and in view of Theorem 18. 3[ we may w.l.o.g. assume that 
—dg e — VFv(Si) ^ ^TT, so that the spectrum of the image of do := idg G gc under 
the derived representation is bounded from below. In view of cxpQ(27rido) = 1, 
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it is contained in Z and Proposition 14 . 1 1 1 implies the existence of a smooth imit 
vector V £ Ti.°° which is an eigenvector for the minimal eigenvalue h of do- 

Now the relation [do, dn] = —ndn implies that dn-v — Q for each n > 0. For 
n > we then obtain 

(d_„u,(i_„u) = {d*_„d^nV,v) = {d^d^nV^v) = ([(i„, d_„]7;, w) 
= 2n{dQV, v) = 2nh. 

This implies in particular that h > and that h = implies dnV = for each 
n E Z. Now an easy direct calculation leads to 



( |KR87[ p. 90]; see also [G086| ). If ft- ^ 0, this expression is negative for 
sufhciently large n, so that we must have h = 0. This means that g.v — {0}, 
and hence that v g H'~^ is a fixed vector (cf. [Ne06[ Rem. II. 3. 7]). 

The preceding argument implies that each semibounded unitary represen- 
tation {tTjH) of G on a non-zero Hilbert space satisfies H'-^ ^ {0}. Applying 
this to the representation on the invariant subspace {H'~^)'^, which is also semi- 
bounded, we find that this space is trivial, and hence that H — H^, i.e., the 
representation is trivial. ■ 

Remark 8.8 A smooth unitary representation (7r,7i) of Diff(§^)-|_ is said to 
be a positive energy representation if the operator — id7r(9e) has non-negative 
spectrum. This means that dg S /*, so that Wv(si) C I* leads to Wv(si) ^ 
Cjr, and therefore tt is semibounded. Hence the preceding theorem implies in 
particular that all positive energy representations of Diff(§^)+ are trivial. 

Problem 8.9 It would be nice to have an analog of Theorem 18.71 for the uni- 
versal covering group G of G — Diff(§^)+, which has the fundamental group 
Tri{G) = Z. Then de generates a subgroup T C G isomorphic to R. Since this 
group is non-compact, we cannot expect it to have eigenvectors, so that the 
argument in the proof of Theorem 18.71 does not apply. 

What we would need in this context is a suitable direct integral decomposi- 
tion with respect to the subgroup Z := Z{G) = Z. If {tt,^.) is a semibounded 
representation of G with Tr{Z) C Tl, i.e., tt has a central character (which is a 
consequence of Schur's Lemma if tt is irreducible), then Spec(d7r(c?o)) C X + Z 
for some A G M, and the argument from above applies. This proves that all 
irreducible semibounded representations of G are trivial. 

We expect that a general semibounded representation of G has a direct 
integral decomposition Tt ^ J- Ti.^ dfi{x} with respect to some measure ^ on 
Z = T and that the semiboundedness of tt implies that all representations tt^ 
on the spaces Ti.^ with central character x are semibounded, hence trivial, and 
this would imply that all semibounded representations of G are trivial. 
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8.2 Invariant cones in the Virasoro algebra 

In the analytic context, the Virasoro algebra is usually defined as the central 
extension Dir = R ®ujgf defined by the Gelfand-Fuchs cocycle 

/'27r -1 />27T /'27r 

iOGF{fde,gde):= fg"d9 = - f g" - f" g' dO = fgdO. (21) 
Jo ^ Jo Jo 

In many situations, the cohomologous cocycle 

u;{fde,gde) := / {f" + f)gde = UGF{fde,gde) ~ \ ( fg'-f'gdd 
Jo Jo 

= u;GF{fdg,gde)-^X{[fdg,gde]), (22) 

with \{fdg) — J^^ f d6, turns out to be more convenient. 

Remark 8.10 On the generators d„ = ie™^9e £ V(S^)c from ((20| we have 

w(d„, d-n) = 2m{n^ ~ n). (23) 

With the central element c := (247ri,0) G i oir C oirc, we thus obtain the 
relation 

Tl — Ti 

[dn,d„i] = [n- ■m)dn+m + Sn-m C 

if we identify d„ with the corresponding element (0, d„) S oirc f [KR87i p. 9]). 

Since we shall need them in the following, we record some related formulas. 
First we observe that 

t:=Rc + M with c := (l,0),d:= (0,9e) (24) 

is a maximal abelian subalgebra of Dir. The relation [do,rfn] = —ndn implies 
that dn € oirc is a root vector for the root g defined by 

a„(c) — and a„((io) = ^n. 

In particular, 

a„([d„, <J) = a„([d„, d_„]) = 2na„(do) = -2n^ < for n ^ 0. (25) 

We also observe that 

[d* , dn] = [d_„, dn] = {uj{d-n, dn),-2ndo) = -i(27r(n^ - n), 2n9e) 
= -2in{T:{n^ -l),d0). (26) 

In view of the G-invariant pairing of the space J-2 of 2-densities with vector 
fields, the 1-cocycle 2 ^ q',x i-^ i^i^J corresponds to the 1-cocycle 

0-^2, fde^ir+niddf. 

To obtain a formula for the adjoint action of G = Diff(§^)'^^ on oir, we therefore 
need a group cocycle G ^ J-2 integrating this 1-cocycle (Remark [ 
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Definition 8.11 The Schwarzian derivative 

assigns to (p E G a. 27r-pcriodic smooth function. It satisfies the cocycle identity 

(of. [Ov01| ). which means that it defines an J^2-valued 1-cocycle on G. 

We easily derive that Tid(S')(/) = /"', and therefore the modified Schwarzian 
derivative ^ 

S{^) Si^) + - 1) = Si^) + ^.\-\ 

is a cohomologous 1-cocycle with Tid{S){f) = /"' + /' (cf. |SeG81l Sect. 7]). 
Therefore Remark 13.31 implies that the coadjoint action of G on the smooth 
dual R X J'a = X C°°(§i) of oir is given by 

Ad;{a,u)^{a,{uo^){^'f^aS{^)), (27) 

whereas, in view of HH), the adjoint action on oir = M 0^ V(§^) = M x C°°{S^) 
is given by 

Ad^z, /) = (z - J^^ fS{^-') d9, (/ o (p) • i^T') ■ 

We are especially interested in the adjoint action on the open convex cone 

W^max:={(z,/)emr: />0}, 

which is the inverse image of the positive invariant cone Wv(si) ^ V(§"'^) under 
the quotient map Oir V(S"'^), {z,f) i-^ f. From the corresponding results for 
M^V(Si)i derive immediately that each orbit in Wmax intersects t. 

Proposition 8.12 For each {z,f) G Wmax, the G-orbit of {z,f) meets t in a 
unique element {p{z, f),a{z, f)), given by 

It: I ri\2 /•27r _ 

( -f- 1 I ^ 

fde 



1 /•^'^ (f'Y r 

a(z,/):=— - and /3(z,/):=z-/ ^-L d0 + 1 , 

For G = Diff(§^)-|_ and T — exp(R9e), the orbit map induces a diffeomorphism 

T:G/Tx (Wmax n t) ^ Wmax, i^T, (/?, a)) ^ Ad^(/3, a). 
Proof. Let (z, /) e Wmax and assume that Ad^-i {z, f) = (/3, a) G t, i.e., 

{(3, a) f fS{^)de,{f-^')o^-^y 
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Then ip' = j leads to ip" = —dji and 
This leads to 

_ if ? f" 
2/2 / ' 

so that we obtain with J^"" f" d0 = /'(27r) - /'(O) = the relation 



fS{<p)d0 = I ^d9. 



Next we use = j to obtain 

if fiiv'f -^)de = \ j a^' - fde = na-\ j f dO. 

JQ Jo Jo 

Combining all that, we get 

2tT / rl\2 f2T! 



if) 

2/ 



13 = z - I ^777-^6'+^ / fde-ira. 







We also obtain from Lp' ~ j the relation xif) = 1^ lo^ J ^ a' 
a = . This proves the first assertion. 

Since T fixes the subalgebra t pointwise, F is a well-defined smooth map. As 
a manifold, we may identify G/T with the set 

{<p' : <p G G} = G C°°(S^): h>0,J^ /id6l = 27r}. 

As we have seen above, the inverse of F is given by 

F-i(z,/)= iP{zJ),aizJ))), 

where (p' = j = and this map is also smooth. Therefore F is a diffeomor- 

phism. ■ 

The function /3 is rather complicated, but it can be analyzed to some extent 
as follows. First we observe that for the probability measure jjL= -^dO Jensen's 
inequality and the convexity of the function ^ on the positive half line imply 
that 

1 1 . , 1 



Cfdn'Jo / ' a 

which implies that f^^ f dO > 27ra. Therefore the sign of /3(0, /) is not clear at 
all, but we shall see below that /3(0, /) < 0. 
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Lemma 8.13 The function (3 is concave. 

Proof. To show that (3 is concave, we have to verify that 9^/3 < in each 
point of Winax- Since f3 is Ad(G)-invariant and each orbit meets t, it suffices to 
verify this in points {z, f), where / is constant, so that 

Jo 

Further, 

dhix-') = -X~'0,,x and dUx-') - -X^'idlx) + 2x-'{dhx)', 

so that we obtain with xif) — f ^^ if is constant) and the formulas p8|) in the 
proof of Lemma 18.11 the relations 

{dhx){f) = -^ r hde and [dlx){f) = ^ T dO. 
This leads further to 

a^(x-)(/) — ^ dO + 2/3^ ( J\d0'^ ' 

1 / f^'" 1 / \ 2 

h^de + — / hde 



71"/ V 7o 27r V Jq 

Putting everything together, we arrive at 



/ • idlp) {zj) = - j^J {h'Y de + J\^de-^(^J^ h de) \ 

We thus obtain a rotation invariant quadratic form on C°°(§^), so that it is 
diagonal with respect to Fourier expansion. Evaluating it in the basis functions 
cos{n6) and sin(n0) immediately shows that it is negative semidefinite. ■ 

Theorem 8.14 (Convexity Theorem for adjoint orbits of Dir) For each x G 
Rc + M+9e C t, we have 

Pi{0^.)^x + C+ for C+ ■.= R+c + R+d8. 

If X is not central, then we even have the equality 

Pi{corw{Ox)) = X + C+. 

Proof. By continuity of the projection p^, it suffices to assume that x = 
(/3o,ao) with a constant ao > 0, so that x G Wmax H t. Then a{x) = ag 
and I3{x) = Pq. Further, Pi{Ox) C conv(C'a;) (Proposition 12. lip , so that the 
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convexity of the functions x = o: and — /? (Lemma 18.131) implies that for 
5) G pi(C'j;), we have 

a > aa and P > Po- 

This means that ptlC*!;) C x + C+. 

Now we assume that x = (3c + adg with a > 0. In view of in Re- 
mark (HUHl Proposition I C . 31 imphes that 

Pt(Cx) ^ a; + M+a„(x)[d* , d„] = x + M+a„(-ia:;)i[d* , (i„]. 

Further rfg = "^de leads to la;) > 0, so that 

piiO^)2x + R+i[dl,dnl neN. 

Next we recall from that 

iK,d„] = 2n(7r(n2 - l),^^) = 2n{TT{n^ - l)c + d). 

For n = 1 we obtain 2(0, and for n — > oo we have positive multiples of 
(1, dg) c, so that the closed convex cone generated by the elements 

, dn] is C+ = M+c + M+d. This proves that 

^1(501^(0:^)) = 55^(0^) ntDx + C+, 

and our proof is complete. ■ 



Note that the following theorem can not be derived from the "general" 
Lemma 16.151 because t is 2-dimensional. 

Theorem 8.15 (Classification of open invariant cones in oir) The following 
statements classify the open invariant convex cones in Oir; 

(i) Each proper open invariant convex cone in Dir is either contained in Wmax 

or -Winax- 

(ii) Each proper open invariant convex cone W C oir is uniquely determined by 

C -.^WntviaW ^ Ad(G)C. 

(iii) Let Cmax ■— VFmax H t. Then an open convex cone C C Cmax is the trace 

of an invariant open convex cone if and only if C'\_ C C . 

(iv) //Wniin is the open invariant cone corresponding to Cmin C^, then each 

open invariant convex cone W C Wmax contains Wmin- 

(v) An open invariant convex cone W is pointed if and only if C is pointed. In 

particular, Wmin is pointed. 
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Proof. (i) Let W C oir be an open invariant convex cone. If 3(oir) flW = $, 
then 3(oir) + Vl^ is a proper cone, and therefore its image in V(S^) is contained 
in Wv(si) or -Wv(si), so that W C W^ax or TV C -W^^ax (Theorem [O]). To 
verify (i), we therefore have to show that c ^ C := WOl. Suppose the converse. 
Then there exists an e > with x± := c ± edg G C. From Theorem 18.141 we 
derive that 

Pt(conv(Ox+)) = X+ + C+, 
and, applying it also to — we find that 

Pi(corw{Ox^)) = a;_ - C+. 

Since both sets are contained in C, we see that ±C+ C lim(C) — lini(C) 
(Lemma [2^ . so that hm(C) = t, and thus G C t. As is open, e W 
leads to W — oir. 

(ii) follows from (i) and Proposition [8321 

(iii) li C — W O t for an invariant open convex cone W, then C C Cmax 
implies that C D 3(Dir) = {0}. Therefore we have for a; e C the relation 

Pt{couv{Ox)) = X + C+ C C, 

and thus C+ C lim(C) = C, which in turn yields C C. 

If, conversely, ClJ. C C holds for an open convex cone C C Cmax, then 
C+ C lim(C) = C leads for each a; G C to 

PiiO^) ^x + C+CC. 

Therefore 

Wc {x e Oir: pt(0 C C} = f| (/5.pr'(C^) 

is a convex invariant cone containing the subset Ad(G)C which is open by 
Proposition 18.121 Hence Wq is an open invariant convex cone satisfying 

w^nt= C. 

(iv) follows immediately from (iii). 

(v) If W is pointed, i.e., it contains no affine lines, then the same holds for 
C := W n t. If, conversely, C contains no afhne lines, then H{W) is a closed 
ideal of Dir intersecting t trivially. Hence it is contained in [t, oir] and H{W)c 
is adapted to the root decomposition with respect to tc. If it contains d„, 
then its *-invariance implies that it also contains d* = d-n, which leads to the 
contradiction [d„,c?_„] G H{W)c- This imphes that H{W) = {0}, so that W is 
pointed. ■ 

As a consequence of the preceding theorem, the cones Wmin, resp., Wmax 
play the role of a minimal, resp., maximal open invariant cone in oir. The 
existence of minimal and maximal invariant cones is a well known phenomenon 
for finite dimensional hermitian Lie algebras (cf. |Vin80| and Proposition 16 . 16p . 
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Corollary 8.16 The smallest closed convex invariant cone in oir containing dg 
is the closure of Wmin • 



Proof. If D C Dir is a closed convex invariant cone, then de G D implies 
that de +C+ C D (Theorem HH]), so that C+ C D (Lemma [Sj]), and thus 
M^min ^ _D by invariance. ■ 

Remark 8.17 In view of the preceding theorem, the open invariant convex 
cones in oir can be classified as follows. Since the closure of the cone C contains 
C+ = M+c + R+9e and is contained in C,„ax = Mc + M_|_(?0, we have C = 
R_i_c + M_|_(c}ei — ac) for some a > whenever C ^ Cmin, Cmax- 

8.3 Semi-equicontinuity of coadjoint orbits of Dir' 

In this final section on the Virasoro algebra we apply the detailed results on 
invariant cones to semibounded representations and semi-equicontinuous coad- 
joint orbits. In particular, we show that the set flg^jq of semi-equicontinuous 
coadjoint orbits coincides with the double cone W*^^^ U — W,^i„. This in turn 
is used to show that the unitary highest weight representations of the Virasoro 
group are precisely the irreducible semibounded representations and to deter- 
mine their momentum sets. 

Proposition 8.18 For A G Oir' and d = (0, dg), the following are equivalent: 

(i) 0\ is semi-equicontinuous. 

(ii) The convex cone B{0\) contains Wmax or — Wmax- 

(iii) 0\{d) — X{Od) is bounded from below or above. 

(iv) Ael^^„u-M^*.„. 

(v) 0^{d)>Q or\{Oa)<Q. 

Proof. (i) =^ (ii): If 0\ is semi-equicontinuous, then the invariant convex 
cone B{0\) has interior points and contains 3(t)ir). Therefore BlOxf /]){v'vc) is 
an open invariant convex cone in V(S^), hence contains W^v(Si) or ~W^v(Si) (The- 
orem [831)- This in turn implies that B{0\) contains either Wmax or — VFmax- 
(ii) =J> (i) follows from Proposition 12 . 21 because Oir is a Frechet space. 

(ii) (iii) follows from d G W^max- 

(iii) =^ (ii) follows from Rc C bIOx) and W^ax = Ad(G)(Rc-|-M^d) (Propo- 
sition [Kill). 

(i) =5> (iv): If A(c) = 0, then 0\ can be identified with a semi-equicontinuous 
coadjoint orbit of V(§^), so that Proposition 18.41 implies that A G 
^v(si) U ~^v(si) ™ which means that A S W*ax U -W^max in fii^'- 

If A(c) ^ 0, then Ox is contained in the closed invariant hyperplane A -f c^, 
so that the construction in Remark 12.61 implies that the cone has interior 
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points. Clearly, this cone is proper, so that Theorem 18.151 implies that it either 
contains Wmin or — W^min, which in turn leads to A € W^^^ U — W^^^. 

(iv) ^ (i): Since ±Wmin are open invariant cones, their duals are semi- 
equicontinuous sets (Example 12. Sf bll. 

(iv) <^4> (v): Since the closed convex invariant cone generated by d is Wmin 
(Corollary [Hill), Oxid) > is equivalent to A G W*,;,,. ■ 

For any A € t* = [t, g]"*" ^ fl', the fact that 0\ is constant on the central 
element c = (1,0) implies that ^4.(0 a) C t* is a connected subset of the affine 
line 

e t* : n{c) = A(c)} = a + (t* n c-L). 
In particular, this set is convex. 

Proposition 8.19 If X e t* , then 

(a) 0\{d) is bounded from below if and only if \{d) > and \{c) > 0. If this is 

the case and A 7^ 0, then 

B{Oxf = Wmax and W^in C O*. 

(b) Pi-'{0\) is contained in an affine half-line if and only if Ox is semi-equi- 

continuous if and only if \{c)\{d) > 0. 

Proof. (a) We recall from Theorem [8. 141 that pi{conv{Od)) = d + C+. This 
implies that X{Od) is bounded from below if and only if A e (C+)*, i-G-j 
A(c),A(d) > 0. 

Suppose that these conditions are satisfied and that A ^ 0. Then B{0\)^ is 
a proper open invariant cone, hence determined by its intersection with t (The- 
orem IS.lSp . As this intersection contains d and is invariant under translation 
with Rc, Theorem 18.151 implies that it coincides with Cmax- This proves that 
Wmax = B{0\)°. We have already seen above that A S and since pi*{0\) 
is a half-line constant on c and bounded below on d, it follows that C+ C 0\, 
which leads to Wmin ^ 0\. 

(b) We use Proposition IC . 31 to obtain with the notation of Remark lB.lOl 

Pi'iOx) 3 A + R+A(K,d„])a„. 

We also know that i[c?* , d„] = 2?i(7r(ri^ — 1), dg), so that, for each n G N, 

Pi' (Ox) 3 A - R+X{TT{n^ - l),de)ian = A - M.+ X{Tr{n^ - l),de)iai. 

li Pi*{Ox) is contained in a half- line, the signs of the numbers 

X{Tr{n^ ~l),de), n e N, 

have to coincide, which is equivalent to X{d)X{c) > 0. If, conversely, this condi- 
tion is satisfied, then (a) imphes that Ox{d) is semibounded, so that Pi'{Ox) is 
contained in an afhne half-line. ■ 
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Definition 8.20 We write Vir for the (up to isomorphism unique) simply con- 
nected Lie group with Lie algeba Dir. 

A unitary representation (tt, Ti.) of Vir is called a highest weight representa- 
tion if there exists a smooth cyclic vector w G 7i°° which is a t-eigenvector 
annihilated by each c?„, n > 0. Then the corresponding eigenfunctional A € it* 
is called the highest weight and v a highest weight vector. 

Theorem 8.21 // {nx,Ti.x) is o, unitary highest weight representation of the 
simply connected Lie group Vir with Lie algebra Oir of highest weight X ^ it* , 
then 

A(rfo) > and X{cj > 0, (28) 

i.e., i\{do) > and i\{c) > 0. The representation {■n\,T-L\) is semibounded and 
its momentum set is given by 

Itt^ = conv(0_a)- 

For X ^ we have 

-Wma^ = W-^^ and -WminCC^^. 

Proof. First we use |KR871 Prop. 3.5] to see that the unitarity of the irre- 
ducible highest weight module L{X) of Dire with highest weight A G it* implies 
(P5|) . Actually, this follows from the simple observation that if v\ is a highest 
weight vector of unit length, then 

< {d-nV\,d-nV\) = {d*_.,^d-nV\,Vx) = {[d*_^,d-n]vx,vx) 

/ n — Ti \ 

= A([d„, d_„]) = X[2ndo + -^^cj > 

holds for each n G N. 

The existence of a corresponding continuous unitary highest weight repre- 
sentation (ttxjHx) of the simply connected Lie group Vir with Lie algebra Dir 
has been shown by Goodman and Wallach jGW85| . A more general method of 
integration which applies in particular to highest weight modules of Vir has been 
developed by Toledano Laredo ([TL_99b, Thm. 6.1.1]). It is based on techniques 
related to regular Lie groups, and [TL99bi Cor. 4.2.2] implies in particular that 
the highest weight vector vx is smooth. This vector is an eigenvector for the 
closed subalgebra of Dire generated by tc and the c?„, n > 0. 

Next we recall from Theorem 18.51 the complex manifold 

M = Diff(§i)+/exp(M9e) ^ Vir/T, 

where T := expt C Vir is the subgroup corresponding to t. Since the tan- 
gent space in the base point Xq = IT can be identified with Dirc/p, p := 
tc + X^rKO*^^"' Theorem 15.111 implies that the map 

r^: M ^¥(n'x), gT ^ [n*x{g)a,,] 
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is holomorphic. As v\ is cyclic, we thus obtain a realization of the unitary 
representation (ttajTYa) in the space of holomorphic sections of the holomorphic 
line bundle ?7*L->^' over M (cf. Theorem Ein]0 



From the highest weight structure of Ti\ it follows that the set of tc-weights 
on Hx is given by A — Noai, so that idTr\{de) = dTT\{do) is bounded from 
below. Therefore the cone Cmax from the Classification Theorem 18.151 satisfies 
— Cmax C VFtta: which immediately leads to — Wmax C Wtt^^. Since dg ^ Wt^^, 
this cone is proper, and the Classification Theorem thus implies the equality 
Wtta = — Wmax- With this information we now apply Theorem 15. 71 to determine 
the precise momentum set. 

From Theorem 18.51 it now follows that, for each x € M^max — — W^tta = ^^rj, 
the smooth action of the corresponding one-parameter group on M extends to 
a holomorphic action of C+ . Therefore Theorem 15. lif e) implies that It^^ is the 
closed convex hull of the coadjoint orbit ^Trx{G[v\]). In view of ^tvx{['^\]) = 
—i\ e t* C oir', this proves that J^^ = conv(C'_iA)- Now 

a. = = (Ola)" 3 -W^min 

follows directly from Proposition I8.19[ and since VFmin has interior points, 
(ttajHa) is semibounded. ■ 



For more details on the classification of unitary highest weight modules of 
Dir, we refer to |KR87| . We conclude this section with the following converse of 
Theorem 18^ 

Theorem 8.22 Every irreducible semibounded representation (7r,7i) o/ Vir is 
either a highest weight representation or the dual of a highest weight represen- 
tation. 

Proof. We assume that the representation vr is non-trivial, so that Itt 7^ {0}. 
Let Pi' : oir' — > t* be the restriction map. If pt*(-^7r) = {0}, then t C = 
kerdTT and thus oir = t-l- [t, Oir] C kerdTr, contradicting the non-triviality of the 
representation. Next we use Proposition 12 . 1 II to conclude that {0} ^^pj. (/^) C 
J^. Then each non-zero A S t* n /jr has a semi-equicontinuous orbit, so that 
Ox{d) is bounded from below or above, and in this case B{0\)'^ — VFmax or 
—Wmax (Proposition 18.19"]) . This implies in particular that W-^ 7^ Oir, i.e., tt is 
not bounded. 

As the open invariant cone IV^ is proper. Theorem 18. 15f i) implies that W-^ 
is either contained in Wmax or — Wmax- We assume the latter and claim that n 
is a highest weight representation. In the other case, W^* — — W^ C —Wmax, 
so that TT is the dual of a highest weight representation. 

First we note that W^ C —Wmax imphes — Wmin C W^. As c e iJ(W^) 
follows from d7r(c) G iM.1 (Schur's Lemma), we obtain the relation Rc — Wmin Q 

^An infinitesimal version of this construction can already be found in IKY88| and IKi98| 
contains various formal aspects of the realization of the highest weight representations in 
spaces of holomorphic functions, resp., sections of holomorphic line bundles on M. 
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Wtt, and therefore WVax = Wmin + Rc leads to — — Wamx 5 —d. Hence the 
spectrum of jd7r(d) = d7r(do) is bounded from below. In view of exp(27rd) G 
2'(Vir), Proposition 14. 1 II implies the existence of a smooth unit vector v G 7i°° 
which is an eigenvector for the minimal eigenvalue h of id7r(c?). Then t = Kc+Md, 
V is a, t-eigenvector and [(io,(in] = —ndn implies that d„.w = for each n > 0. 
Therefore (tt, H.) is a highest weight representation. ■ 

9 Symplectic group and metaplectic representa- 
tion 

In this section we study the metaplectic representation {tTs,S{T-C)) of the cen- 
tral extension Sp^^g{H) of Sp^^g{Ti.) on the symmetric Fock space S{H). This 
representation arises from self-intertwining operators of the Fock representation 
of the Heisenberg group IIeis(7i). We show that it is semibounded and deter- 
mine the corresponding cone W^i^. For the larger central extension IISpj.(,s(7i) 
of 7i X Spj.pg(7Y) the representation on S{Ti.) is irreducible and semibounded and 
we show that its momentum set is the weak-*-closed convex hull of a single 
coadjoint orbit. 

9.1 The metaplectic representation 

On the dense subspace S{H)o = J2^=o S^O^) of the symmetric Fock space S{l-L) 
(cf. Appendix [D| we have for each / G 7i the creation operator 

V---V/„) :-/V/i V---V/„. 

This operator has an adjoint a(/) on S{'H)o^ given by 

n 

a{f )n = 0, a(/)(/i V • • • V /„) = V • • • V V • • • V /„, 

where fj means omitting the factor fj. Note that a(/) defines a derivation on 
the algebra S{H)o. One easily verifies that these operators satisfy the canonical 
commutation relations (CCR): 

Hf),a{g)]^0, [aif),a*{g)] = {gj)l. (29) 

For each f £ H, the operator a(/) -I- a*(/) on S{H)o is essentially self-adjoint 
C [Dt95l p. 70]), so that 

Wif) e7!<^^)+^ e U(H) 
is a unitary operator. These operators satisfy the Weyl relations 

w{f)wif) = Wif + f)ei , /, /' e n. 
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For the Heisenberg group 

Hcis(7i:) := M X 

with the muhiphcation 

{t, v){t',v') := [t + t' + \uj{v, v'), V + v'), uj{v, v') := Im(i;, v') 

we thus obtain by W{t, /) :— e'*T4^(/) a unitary representation on S{H), called 
the Fock representation. It is a continuous irreducible representation ( |Ot95[ 
Cor. 3.11]). That it actually is smooth follows from the smoothness of 

(M^(t,/)17,rj) =e**-3ll/ll' (30) 

and Theorem lA. 31 

Definition 9.1 The symplectic group Sp(7i) acts via g.{t,v) := {t,gv) by au- 
tomorphism on the Heisenberg group, and since the unitary representation 
(^,5(7^)) is irreducible, there exists for each g G Sp(7i), up to multiplication 
with T, at most one unitary operator TTs{g) € U(S'(7i)) with 

7Tsig)W{tJ)7rs{gr ^W{t,gf) for teRJeU. (31) 

According to [Sh62| . such an operator exists if and only if 5 G Spj.^^{H) (cf. 
Example l3 . 2r d) ) . which immediately leads to a projective unitary representation 

Tf,: Sp,,3(W) ^ PU(5(7^)), 

determined by for any lift 77^(3) e \J{S{H)) of Tfsig)- Writing u for the 
image of u S U(7i) in the projective unitary group PU(?i), the corresponding 
pull-back 

Sp,,,{H) := Tf: \J{S{H)) - {{g,u) e Sp,,,{H) x V{S{n)) : u - W,{g)} 

is called the metaplectic group. It is a central extension of Spj.^g{H) by T. 
We shall see below that this group is a Lie group and that its canonical repre- 
sentation TTs{g,u) = u on 5'(7i), the metaplectic representation, is smooth and 
semibounded. Our strategy is to use Theorem IA.41 which requires a suitable 
lift of 7fs . 

Remark 9.2 From the relation dW{f) = "^(a(/) + «*(/)) i we recover the 
antilinear and linear part of dW^ by 

a(/) = -r^idWif) + idWilf)), a* if) = -^idW{f) - zdl¥(//)). 



SO that by §^ 

TTs{g)a{f)TTs{g)-' - -L(aW{gf) + ^dW{gIf)) = 0(51/) + a*{g2f) =: %(/), 
where g = gi + .92 is the decomposition into linear an antilinear part. 
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Theorem 9.3 The topological group Sp^^g(Ti.) is a Lie group and the metaplec- 
tic representation is smooth. A Lie algebra cocycle rj defining sp^^g{Ti.) as an 
extension of spi.gs{H) by M is given by 

■n{x,y) = ^tr([a;2,y2]), 
where X2 denotes the antilinear component ofx. 

Proof. Step 1: We consider the unbounded operators a{f) and a*{f) on 
'S{'H)o C S{'H) and observe that Cfi is the common kernel of the annihilation 
operators a(/). For g G Spj.gs(7i), we observe that TTg{g)^ lies in the common 
kernel of the operators ag{f) — Trs{g)a{f)Trsig)^^ (cf Remark l9.2p . If gi is 
invertible, which is the case in some open 1-neighborhood in Sp^^g{H) (actually 
on the whole group), we consider the antilinear operator T{g) := g2gi^ for 
which a^Cgf V) = a(/) + a*(T(g)/). Therefore F = 7r,(g)l^ is a solution of the 
following system of equations: 

aif)F = -a*iT{g)f)F for feU. (32) 

Step 2: For each n e N, the subset a*{n)S'^{Ti) is total in S'"+i(H), which 
implies that 

{T e S'"+i(H) : (V/ G TL) a{f)T = 0} = {0}. (33) 
If an element F = J2n=o e S{n) with F„ e S'"(W) satisfies (|32]), then 

a(/)Fi=0, a(/)F„+i = -a*(n9)/)^n-i for /eH,7ieN. (34) 

This implies Fi — 0, and inductively we obtain with (I33p i^2fc+i = for fc e No- 
We also derive from ([55]) that F is completely determined by Fq , hence that the 
solution space of (|32p is at most one-dimensional. 

If F is a solution, we may w.l.o.g. assume that Fq = fl. Then F2 satisfies 

a{f)F2=-a*iTig)m = -T{g)f, f e H, 

i.e., F2 — ~T[g) (Lemma lD.3l) . This observation implies Shale's result that only 
for 5 G Spj.(,s(H), i.e., II52II2 < 00, equation (PT|) has a solution 7rs(g) S U(S'(H)). 
Step 3: Combining Lemma rD.3r i) with Remark ID. 21 we conclude that the 

exponential series e~'^^^^ converges in S{Ti) for ||T(f;)||2 < 1, which holds on an 
open 1-neighborhood in Sp^^g{Ti.). Since the operators a{f) act as derivations 
on S{H)q, it follows that 

a(/)e-^ = -a{f)T{g) V = -T{g)f V e"^ = -a* {T{g)f)e-^\ 

so that e~"^^^^ satisfies (|32p . We conclude that 

7r,(g)f] = c(g)e-^, c(g) G C\ (35) 
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Choosing the operators TTs{g), g G Spj.(,g(7i), in such a way that 

c{g) ^ {ng,n) = {7:,{g)n,n) > 0, 

it foUows that c{g) = ||e-^||-i (of. pt95l p. 97]). 

Step 4: Since the map g t—> T{g) — g2gi^ is smooth in an identity neigh- 
borhood and the map 

[Aep2:\\Ah<l}^Sin), A^e^ 

is analytic (cf. Remark ID. 21 and the proof of Lemma [6.6f v) for P2), hence in 
particular smooth, it follows that e^"^^^^ and hence also c{g) are smooth in an 
identity neighborhood of Sp^.^g{'H). 

From {Trs{g)*il,il) = {il,'!Ts{g)fl) > we further obtain TTsig)* ~ Tisig^^)- 
This implies that the map 

{g,h) ^ {7rs{g)Mh)n,n) = {7:,{h)n,n,{g)*^) = W^!, ^.(ff^')^!) 

is smooth in an identity neighborhood. Now Theorem I A . 41 implies that Spj.(,s(7i) 
is a Lie group and that is a smooth vector for the corresponding unitary repre- 
sentation, also denoted ng. Since Spj.^g{H) acts smoothly on Heis(H), the space 
S{'H)°° of smooth vectors is invariant under Heis(7i), so that the irreducibility 
of the Fock representation of Heis(7i) on 5(7i) f [Ot95[ Cor. 3.11]) implies the 
smoothness of tt^ . 

Step 5: With Remark IA.6l we can now calculate a suitable cocycle 77 with 
F{g) :-7r,(g)r! = c(g)e-^ by 

r^ix,y) = 2lm{dF{l)x,dFil)y) +i{dFil)[x,yin). 

As F{g) only depends on T{g) = g2gi^, we have F{gu) = F{g) for u € U(H), 
which leads to dF{l)x ~ for x € u{H). Hence r]{x,-) for a; G u(H). 
For X G \)2 we find with T(expx) — cosh(a;) sinh(a;)^^ = tanh(a;) the relation 
dT{l)x — X, and hence 

dF{l)x = dc{l){x)n - X. 
Since c is real- valued, this leads with Lemma lD.ST ii) for x.y G p2 to 
77(x,y) = 2lm{dcil)ix)n~x,dc{l){y)n-y) =2lm{x,y) 

= Imtr(a;?;) i Imtr([a;, y]) — tr([a;,y]) 

because the trace of the symmetric operator xy + yx is real and tr([a::, y]) G iR. 

m 

The content of the preceding theorem is essentially known (cf. |Ot95| , |Ve77| , 
[Sh62]), ahhough aU refe rences known to the author only discuss the metaplectic 
representation as a representation of a topological group and not as a Lie group. 
In [Ot95[ Thm. 3.19] and [Lm94| one finds quite explicit formulas for group 
cocycles describing Spj.^^{H) as a central extension. 
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Remark 9.4 The metaplectic representation of G := Sp^(,g(7i) is not irre- 
ducible. Since the representation of U(7i) on each S^iH) is irreducible (Exam- 
ple [7]3]), every G-invariant subspace is the direct sum of some S^iTi), n eNq. 
The preceding proof immediately shows that 

n{G)n C 5^™'^(H) ®neNoS^"{n) 

and that all projections onto the subspaces 5^"(7i) are non-zero. 

Using the fact that the operators in d7rs(0) contain all multiplication oper- 
ators with elements A, A G p2 (cf. Lemma FD.Sj) . and their adjoints ( |Ot95| ). it 
easily follows that the representations of G on the two subspaces 5"'™'^(H) and 
S°'^'^{n) are irreducible. 

9.2 The metaplectic group 

In this subsection we describe a convenient description of the metaplectic group 
SPres(^) ^ Banach-Lie group. For further details we refer to [Ne02a] . First 
we recall from |Ne02a[ Def. III.3] that 

SPi,2(w) := {g ={l J) e sp(7i) c v{n,n) 

||6||2, ||c||2 < oo, \\a- l||i, \\d- l||i < ooj 
carries the structure of a Banach-Lie group with polar decomposition 

(cf. |Ne02a[ Def. IV.7, Lemma IV.13]). The full unitary group U(H) acts 
smoothly by conjugation on Spj^ 2(^)1 so that we can form the semidirect prod- 
uct 

SPi 2(^) ^ U(7i), and the multiplication map 

Ml : Spi,2(^) >^ U(7i) ^ Sp,,,(7^), (5, u) ^ gu 
is a quotient morphism of Banach-Lie groups with kernel 

N -.^{{g^g-^): .g G Ui(H)}, 

so that 

Sp„,(7^) - (Spi,2(W) X ^miN 
(cf. |Ne02al Def. IV.7]). 

From the polar decomposition of Sp^ 2('^) we derive that 7ri(Spi 2(^)) '= 
7ri(Ui(7i)) = Z, hence the existence of a unique 2-fold covering group 
q: Mpi 2(H) Spi 2(W)- On the inverse image \]i{n) of Ul(7^) in Sp^ ^W 
we then have a unique character 

A/det: Ui(7i:) ^ T with L(\/dct) = ^ tr . (36) 
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Next we observe that the smooth action of U(7i) on Spj^ 20^) lifts to a smooth 
action on Mpj2(^)- We also note that, for SUi(H) := ker(det), we have 
Ui(H) = SUi(W) X T, where the determinant is the projection onto the sec- 
ond factor. Accordingly, \Ji{H) = SUi(H) » T with q{gj) = {g,t^) and 
Vdet((7, t) = t. 

Writing x — xi + X2 for the decomposition of x e spiJi) into linear and 
antilinear component, we recall from Theorem 19.31 that 

SPrcs(^) =I»©^SPres(^) with 77(0;, J/) = ^ tr ( [^2 , ) ■ 

This implies that 

SPl,2(^) ^SPrcs(W) =IR©r,SPrcs(^), (^tr(xi),x) 

is a homomorphism of Banach-Lie algebras. Here we use that 

[x,y]i ^ [xi,yi] + [x2,y2] and tr([a;i, yi]) = 0. 

On the subgroup Ui(?i) C Mjp^ 2(^)1 integrates to the group homomorphism 

aa: Ui(H) -> Sp,,,{H) C Sp„,(7^) x \J{S{n)), a{g) := {q{g) , Vd^t{g)^ ,{g)) , 

so that the polar decomposition of Spj^ 2^^) implies that a integrates to a mor- 
phism of Banach-Lie groups ctg : Mpj^ 2^^) ^ Spj.(,g(7i). Combining this map 
with the canonical inclusion U(?i) ^ Spj.(,s(7i), the equivariance of ac under 
conjugation with unitary operators implies the existence of a homomorphism 

/i: Mpi 2(H) X ^ s5.,s(W), {g,u) ^ aG{g)u. 

Proposition 9.5 The homomorphism fi factors through an isomorphism 

-p: (Mpi,2(7^) X U(7^))/kerM -> Sp,,,{n) 

of connected Banach-Lie groups with ker/i = SUi(7i). 

Proof. If fJ.{g,u) — 1, then (Taig) = implies that g E Ui(7i) with 
q{g) — u^^. Now 

fl — 7rs(/i(g, u))fl — V det{g)il, 

imphes Vdet{g) — 1. This shows that ker^ {{g, q{g)^^) : g e SUi(H)}, and 
the assertion follows. ■ 

The inverse image of the center Z = T of Spj.^g{Ti.) is 
N ■.^{{g,q{gr^): ged,{n)}. 
The inverse image U(7i) of the subgroup U(7i) in Sp^^^lTi) is of the form 

l]{n) = (Ui(7i) X U(7i:))/kcr^ = Z x \J{n). (37) 
In particular, it splits as a central extension of Lie groups. 
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9.3 Semiboundedness of the metaplectic representation 



In this subsection we show that the metaplectic representation (1:^, S{Ti.)) of 
SPros(^) is semibounded and determine the open invariant cone Wj^, as the 
inverse image of the canonical cone Wsp^^^cH) in sprcs(^)- 

We start with a closer look at adjoint orbits of the symplectic Lie algebra. 

Lemma 9.6 If{V,uj) is a finite dimensional symplectic space and X G sp(y,w) 
is such that the Hamiltonian function Hx{v) — ^u}{Xv,v) is indefinite, then 
conv(C'jc) = sp{V,Lj). 

Proof. Let g :— sp{V, uj). Then Proposition l6.161 combined with the unique- 
ness of the open invariant cone in sp(y,w) up to sign (cf. [VinSOj ). implies that 
the set of semi-equicontinuous coadjoint orbits coincides with the double cone 

Using the Cartan-Killing form to identify q with its dual, we accordingly see 
that any semi-equicontinuous adjoint orbit is contained in the double cone 



i.e., the corresponding Hamiltonian function is either positive or negative. 

Finally, we observe that ii x E g satisfies conv(C'2:) g, then B{Ox) is a non- 
zero invariant cone and Proposition I6.16r i) implies that it has interior points. 
Therefore Ox is semi-equicontinuous because every finite dimensional space is 
barrelled. ■ 



Lemma 9.7 The subspace p := {X e 5p{H): IX — —XI} contains no non- 
trivial Lie algebra ideals, and the same holds for the subspace 

P2 := {X e sp,,,{H) : IX = -XI} = p n sp,,,(H). 

Proof. First we show that X £ p and [X, [I, X]] — implies X — 0. Realiz- 
ing sp{H) as a closed subalgebra of Qi-iHc) — flK^ ® ^) (cf- Example 13. 2f h)). 
we have 



i 

-i 



For X 



a 

^a* 

[X, [i,x]] 



this leads to 





a\ 




0) 





—2ia* 



2ia 




aa 






a* a 



If this operator vanishes, then a*a — implies that a = 0, so that X = 0. 

If i C p is a Lie algebra ideal, then we have for each X G i the relation 
[X, [I, X]] E i n u{H) — {0}, so that the preceding argument shows that X = 0. 
The same argument apphes to p2 = p n sp^^^{H). ■ 
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Lemma 9.8 Let X E sp(7i). Then the projection pt: sp(7i) u(7i) onto the 
C-linear component satisfies 



Pt{Ox) C {y G u{n): iy<Q}^ C^^n). 

if and only if Hx > 0. ^ corresponding statement holds for spj.(,s(7i). 

Proof. Since pi is the fixed point projection for the action of the torus '^'^ 
it preserves the closed convex cones ±{Z e Bpili.) : Hz > 0} (Proposition mU), 
so that the relation Hx > implies ipt{Ox) < (Theorem 16. 7^ )1. Suppose, 
conversely, that ipi{Ox) < 0. If Hx < 0, then the preceding argument shows 
that ip({Ox) > 0, which leads to pt{Ox) = {0}, so that the closed span of Ox 
is an ideal of g contained in p = kerpj. In view of Lemma [9.71 this leads to 
X = 0. 

We may therefore assume that Hx is indefinite. Hence there exists a finite 
dimensional complex subspace Tii C ?i on which Hx is indefinite. Then we have 
a Hilbert space direct sum H = Hi ® Hi and accordingly we write operators 
on 7i as (2 X 2)-block matrices: 



X = 



Xii Xi 
X21 X2 



For V G Hi we then have lm{Xv,v) — lm{Xiiv,v), so that Xn S sp{Hi) and 
Hxii is indefinite. 

Identifying Sp(7ii) in the natural way with a subgroup of Sp(7i), Lemma l9.6l 
implies that conv(Ad(Sp(7ii)X)) contains an element Y with Yn — —il. From 

n (Y) = Pt{Yi2)\ ^ ( Yn p,{Y,2) 

^ \Pi{Y2l) Pt{Y22)J \P({Y2l) P,{Y22) 

we now derive that ipt(Y) ^ 0, contradicting our assumption on X. This 
completes the proof of the first assertion. 

Since Sp(7ii) C Sp^^g{H), the preceding argument also implies the assertion 
for the restricted Lie algebra 5p^.^^{H). ■ 



Now we are ready to show that the metaplectic representation is semi- 
bounded. We write 

q: fp^.^^{H) ^ sp.jH) 

for the quotient map and 3 for its kernel. Since the central extension is trivial 
over the subalgebra u{H) of sp^^^{H), we have 

u(W) ■.= q-\u{H))^2®u{H), 

where the u(7i)-complement is uniquely determined by the property that it is 
the commutator algebra. Here we use that the Lie algebra u{H) is perfect 
(cf. [Ne02a[ Lemma 1.3]). Accordingly, we may identify u{H) in a natural way 
with a subalgebra of spj.os('^)- 
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Remark 9.9 The momentum set /jr^ is completely determined by the restric- 
tion of its support function s^^ to Wy^^ — (Remark I2.3r bl) which is 
invariant under the adjoint action. We shall see below that g(VF^J C Wsp^^^(^H)^ 
so that Theorem 16. 7f ii) leads to 

W^.. C Ad(s9,,,(H))(3xa(„)), 

where 3 ^ M denotes the center. This in turn entails that /^^ is already deter- 
mined by the restriction of s^^ to 3 x (7^(7^) , which we determine below. 

This restriction is the support function for the momentum set of the restric- 
tion of TTg to the subgroup U('H) = T x U(H) (Proposition I4.7r iim. which is a 
direct sum of the representations on the subspaces S'"(7i), on which we have 



7rs(z,5)(ui V • • • V t;„) = zgwi V • • • V gw„ for vi, . . . ,Vn € H. 



For the representation of V{H) on 5"(7i), the momentum set is simply 



given by 

(Example 17. 3r b)). so that 



conv( U Wxn/^^"^ 

neNo 

which is a convex cone with vertex (1, 0), and for x G u(7i), we have 

I —t for ix < , , 

s^^{t,x) = { , - (38) 

I 00 else. 

The representation of Spj.(,s(7i) on 5(7i) decomposes into two irreducible 
pieces 

= ®„6No5'"(H) and S^'^'in) = ®neNoS^^+\n) 



(Remark 19. 4p . Writing tt± for the corresponding representations, we obtain 



= = conv( y {1} X 2n/^(^)^ - 



Tie No 

and 

4^i«)=conv( U{l}x(2n + 1<(«)). 

neNo 

Now it is easy to derive that Wt^^ — W^^ , s^^^ — Stt^, , and that 
S7r_ {t, x) = —t + sup(Spec(zx)) for ix < 0. 

Theorem 9.10 The metaplectic representation (tTs, S(Ti.)) o/Sp^gs(7i)) is semi- 
bounded with 
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Proof. From Example 14.101 we know that 

SnS^) — ^ foi' 2; € Cu(f^), so that Stt^^ (t, x) = — t + Stt^ (a;) < 00 

for {t,x) G 3 X Cu(f^). From the invariance of St^^ under the adjomt action and 
Theorem 16. 7f iil it now foUows that 

Ad(s5,es(W))(3xC,(„)) = <?-i(Ad(Sp„,(H))C,(„)) = g-^(M^,p_(«)) C B(/,J 

(39) 

(of. Theorem IB.Tf ii)). In particular, B{It,^) has interior points, so that tTs is 
semibounded with Wg-^^^^^j-i-^ C Wtt, ■ 

To prove equality, we note that ([55)1 in Remark 19.91 implies that 

W^^ n u{li) C {x e Vi{n) : s^, (x) < cx)} = {x e u(?^) : ix < 0} = TJ^). 

As W^^ is invariant under the projection p^: Bp^^,^{T-C) u(7i) onto the fixed 
point space of the compact group e"^'*-^ (Proposition 12 . 11"]) . we obtain for each 
X e Wtt^ the relation ipt{Oq(^x)) < 0, so that Lemma 19.81 leads to q{x) G 
^sp„3(H)- As Wtt^ is open and W^p^^^cH) coincides with the interior of its closure 
(Lemma 12.81) . it follows that 

Combining this with ((39)) . we obtain g(W^J = W^sp^^jH)- 

As the center 3 = R of spj.cs(^) ^-cts by multiples of the identity on S{'H), 
we have 3 C H{WTr,), which finally leads to Wt^^ = q'^iqiW^^J) = Wg~p^^^(^f^y m 

9.4 The momentum set of the metaplectic representation 

Now that we have determined the cone W^^^ for the metaplectic representation, 
we now apply the tools from Section [5] to determine the momentum set for the 
representation of the central extension HSpr(,s(7i) acting on S'(7i). In particular, 
we show that the momentum set is the closed convex hull of a single coadjoint 
orbit. 

Definition 9.11 We define HSpj(,s(7i) as the quotient of the semidirect product 

Heis(7i) Xia Sp,es(H), a{g,u)iit,v)) := {t,gv), 

by the central subgroup 

5 {(t, (l,zl)) e M X Z: e**z 1} ^ M 

which acts trivially on 5(7i). This means that HSpj.(,s(7i) is a central extension 
of 7i X Sp,.(,s(7i) by T. The corresponding Lie algebra cocycle is given by 

{{v, x), (w', x')) 1-^ Im(w, v') + r]{x, x) — Im(?;, v') + j Imtr(x2X2) 

(cf Theorem 1131). 
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Remark 9.12 The representations W of Heis(W) and tTs of Sp^^s{H) combine 
to a representation, also denoted tt^ of HSp^(,g(H) on S{H). Since {W,S{Ti.)) 
is irreducible, the extension to HSpj.(,s(H) is also irreducible. To see that it is 
smooth, it suffices to show that the function 

Heis(7^) X Sp„,(7^) ^ C, {h,g) ^ {W{h)Trs{g)n,n) = {7rs{g)n,W{h)-'^n) 



is smooth (Theorem IA.3|) . This follows from the smoothness of the vector ft for 
Heis(H) and Sp,^^{H) (cf. dSD]) and Theorem 131) . 

Proposition 9.13 The metaplectic representation {tTs, S{Ti.)) o/ HSpj.j,g(7i) is 
semibounded with 

W^^ = q-\H X W;p_(H)) - Ad(HSp,,3(7^))(3 X ^(w)), 

where q: t)5p^.^g{Ti.) — > 7i x sp^^^{Ti.) is the quotient map whose kernel is the 
center 3 = M. 

Proof. Let 

p: t)sp,^,{H) = t)ds(n) X sp,es(W) -^n>i sp„s(W), {t,v,x) ^ {v,x) 

denote the quotient map, so that Theorem 16 . 7f ivl implies that 

W^i,.p,..(H) =p-^(W^.p_(«)) = Ad(HSp_(7^))W^,p_(„). 

Modulo the center, this relation leads to 

n X W^,p_(«) = Ad{n X Sp,,,(H))W;p_(«) = Ad{H X Sp,,,(H))C,(H). (40) 

From Theorem 19.101 we know that Stt^I^^) is finite if x e 3 x Cuc^), so that 
(PO]) implies that it is also finite if q{x) g 7i x M^sp^^j-H); i-^-, 

M^.. ^ <Z-'(H X M^,p_(H)). 

This proves already that tt^ is semibounded because Wtt, has interior points 
(Proposition 12. 2p . We further conclude that t)eis('H) C so that we 

obtain with Theorem 19.101 that 

W^^ = t)ci5{H) + (W^., n fp,jn)) C fieis(?i) + q-\W,,^^jn)) 
= q-\nxW,,^^^(n))- 

This proves the desired equality. 

Finally, we note that (l4Gp implies that every element x G Wt^^ is conjugate 
to an element y G q^^iCu^H))^ which means that y G 3 x Cu(n)- ■ 
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Theorem 9.14 The momentum set /^r^ of the metaplectic representation of 
HSp^(,g(7i) is the closed convex hull of the coadjoint orbit of X := $7r^([r2]), and 
this linear functional is given by 

\{t,x)^t on ==Ke X sp,es(^))- 

Proof. Since the metaplectic representation of G := HSpj.(,s(?i) is irreducible, 
we want to apply Theorem 15.111 For the subgroup K :— U(7i) C G with Lie 
algebra 6 = 3® u(H), we have 

0c=p+®6cffip-, where p± = ker(ad/ =F il) ® ker(ad/ T 2il), 

/ G u(7i) is the multiplication with i onH, 

i)ds{H)c ^lc®U+®n-, n±:^ ker(ad / T «!) C He- 

Since the Lie algebra 6 of if is complemented by the closed subspace Ti®p2 
in g, the coset space G/ K carries the structure of a Banach homogeneous space. 
Moreover, the closed i^T-invariant subalgebra fic ® P+ determines on G/ K the 
structure of a complex manifold for which the tangent space in the base point 
can be identified with 0c/(*c + P+) = P- f iBel06 ,. Thm. 6.1]). 

Let Vt g S^{TL) C 5(7^) be the vacuum vector. Then is a smooth vector 
(Remark 19. 12p . which is an eigenvector for K . On S{'H), the operator — id7r(/) 
is diagonal, and S^{'H) is the eigenspace corresponding to the eigenvalue n. As 
—iadi acts on p_ with the eigenvalues —1 and —2, it follows that d7rs(p_)i7 = 
{0}, so that Theorem 15.111 provides a holomorphic equi variant map 

7T.G/K^P{S{ny), {-^TTsigr'n) 

and a realization of (tt^, S{'H)) by holomorphic sections of a complex line bundle 
over G/K. Since the representation (tt^, S{TL)) of G is irreducible, is a cyclic 
vector. 

It remains to show that for each x E the flow generated by —x on G/K 
extends holomorphically to C+. Since every such element x is conjugate to an 
element of 3 x Cu(-h), we may w.l.o.g. assume that x G Cu(-h). 

To get more information on G/K, we note that the choice of the complex 
structure implies that G/K contains lleis{'H)/{K n Heis(7i)) = H- = H' as a 
complex submanifold. The translation action of Heis(7i) by {t,v).z :— v + z on 
Ti. factors through an action of the additive group Ti. and extends naturally to 
a holomorphic action of the complexified group He — 'H+ x 7i_. As the G- 
action on G/K induces a transitive action on the set of Heis(7i)-orbits on G/K , 
the action of Heis(7i) extends to a holomorphic action of Heis(7i)c on G/K. 
Therefore the action of the one-parameter group t 1— > exp(— te) extends to a 
holomorphic action of C+ on G/K if and only if the same holds for the action 
on the quotient space Sprgg(H)/U('H). As we have seen in Example l3.2f h'). this 
space can be identified with the symmetric Hilbert domain 

Vs^{ze B2{n) : z^ =z, zz* « 1}, 
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but here it is endowed with the opposite complex structure. 

The group V{H) acts on T>s by u.z = uzvJ , and for x € Cu(h) we obtain 
for our choice of complex structure the relation e~'^.z — e^^ve"^ . Now ||e'^|j = 
||e*^ II < 1 implies that the action of the one-parameter group t i— > exp(— ia;) 
extends to C+, and this completes the proof. 

Finally, we derive from Theorem 15. llt b) that I-^^ — com{0\) holds for 

\{x) = — i(d7rs(x)r2, 

On I = u{'H) we have A(t, x) — t, and A vanishes on pc because p_ annihilates 
fl, and (d7rs(p+)rj, ri) = (51, d7r5(p_)ri) — 0. This completes the proof. ■ 

With similar and even easier arguments as in the proof of the preceding 
theorem, we also obtain: 

Theorem 9.15 The momentum set of the even metaplectic representation 
(tt+j S"^™"(7i)) of Sp;.(,g(?i) is the closed convex hull of the coadjoint orbit of 

10 The spin representation 

In this section we take a closer look at the spin representation (tTq, A(7i)) of the 
central extension Orcs('^) of Oicsl'^) on the fermionic Fock space A(7i). This 
representation arises from self-intertwining operators of the Fock representation 
of the C*-algebra CAR(7i). Here we also show that is semibounded and 
determine the corresponding cone W^^^ . For the irreducible representation of 
the identity component on the even part A°™"(7i), we show that the momentum 
set is the weak-*-closed convex hull of a single coadjoint orbit. 

10.1 Semiboundedness of the spin representation 

Let 7i be a complex Hilbert space and write {a, b} := ab + ba for the anticommu- 
tator of two elements of an associative algebra. The CAR-algebra of ?i is a C*- 
algebra CAR(7i), together with a continuous antilinear map a: H ^ CAR(?i) 
satisfying the canonical anticommutation relations 

{a(/),a(g)*} = (5,/>l and {a{f),a{g)}^0 for f^geU (41) 

and which is generated by the image of a. This determines CAR(7i) up to 
natural isomorphism f [BR97[ Thm. 5.2.8]). We also write a*{f) := a(/)*, which 
defines a complex linear map a* : Ti ^ CAR(7i). 

The orthogonal group 0(7i) of the underlying real Hilbert space 

(Hr,/3), (3{v,w) =Re{v,w), 
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acts by automorphisms on this C*-algebra as follows. Writing a real linear 
isometry as g = gi + g2, where 171 is linear and (72 is antilinear, the relations 
gg* = g* g = 1 turn into 

9i9i + 929*2 = 1 = glgi + 5252 and 5152 + 929*1 = g^gi + 5i52- 

These relations imply that 

ag:n-^CkR{n), f^a{gj) + a*{g2f) 

satisfies the same anticommutation relations, so that the universal property of 
CAR(7i) implies the existence of a unique automorphism Og with 

"sK/)) = «s(/) for f(^n. 

These automorphisms of the CAR(7i) are called Bogoliubov automorphisms. 
They define an action of 0(7i) on CAR(7i). In particular, the unitary group 
V{n) C 0{n) acts on CAR(H) by ag(a(/)) = 0(5/) for f e H. 

Remark 10.1 The C*-algebra CAR(?i) has a natural irreducible representa- 
tion (tto, A(7i)) on the antisymmetric Fock space A{n) ( |BR97l Prop. 5.2.2(3)]). 
The image ao(/) := 7ro(a(/)) acts by ao{f)^ ~ and 

n 

ao(/)(/i A • • • A /„) = 5](-l)^-^(/„ A • • • A A A • • • A /„. 

Accordingly, we have 

aUm^f and aS(/)(/i A • • • A /„) = / A A A • • • A /„. 

Let Iv = ID denote the complex structure on Ti.. The action of the restricted 
orthogonal group 

Orcs(H): ={geOin): \\[g,I]h<^} 

on CAR(7i) preserves the equivalence class of the representation ttq, so that 
there is a projective unitary representation tTq : OrosC^) ^ U(A(7^)), called the 
spm representation, satisfying 

7:a{g)MA)na{g)* = MagA) for g £ 0,,sin),Ae CAR{n) (42) 

(cf. pt95l Thm. 3, p. 35], [ShStM])- 

In analogy with Theorem 19.31 we here obtain: 

Theorem 10.2 Orcs(^) is a Lie group and the spin representation is smooth. 
A Lie algebra cocycle rj defining 'Orcsi'H) as an extension of Orcsi'H) byR. is given 
by 

V{x,y) = -— tr([x2,52])- 
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Proof. With completely analogous arguments as in the proof of Theorem l9.3l 
we find with Appendix [P] that any g G Oros(W) for which gi is invertible has a 
unique hft Waig) G U(A(7Y)) with 

7ra{g)n ^ c{g)e-^(a) for T{g) := g^g^' e Aherm{n)a,c{g) ^ \\e-^^a^\\-^ 

(cf Lemma fD-Sp . 

This implies that Oios(H) is a Lie group, its representation tTq on A(7i) 
is smooth, and that is a smooth vector. Since Orcs('^) acts smoothly on 
CAR(7i), the space A(7i)°° of smooth vectors is invariant under 7ro(CAR(7i)), 
so that the irreducibility of the representation of CAR(7i) on A(7i) implies the 
smoothness of tTq . 

For the Lie algebra cocycle defining ?i.cs('W), we find as in the proof of The- 
orem [^31 with Lemma fP-Sr iii) 

r]{x,y) = 2Im(x2,y2) = - Imtr(a;2?/2) = -77: tr([a;2, ^2])- 



Remark 10.3 As in Subsection 19. 2i we obtain a Banach-Lie group 

Oi,2(W) := {g = gi+g2 e 0{n): \\g2\\2 < 00, ||1 - .gi||i < 00} 

with 

o,cs(H) ^ (Oi.2(w) >^ v{n))/N, N = vin) n Oi,2(h) = Viin) 

(cf |Ne02a[ Def IV. 7]). From |Ne02a[ Rem. IV. 14] we recall that 0,.cs(W) has 
two connected components and that its fundamental group is trivial. On the 
other hand 

M0i,2m) - Z/2Z - ^i(0i,2(H)) 

f |PS86[ Prop. 12.4.2], [Ne02a[ Prop. III.15]), so that there exists a simply con- 
nected 2-fold covering group q: Spin^ 2(^) ~* Oi^2(W)o (cf |dH72| for a dis- 
cussion of the smaller group Spinj(H) covering SOi(W) = Oi(H)o). As the 
inclusion Ui(7i) — > Oi^2('W) induces a surjective homomorphism 

TTi{Vi{n)) - Z -> 7ri(Oi,2(7i)) = Z/2, 

Ui(H) := g~^(Ui(7i)) is the unique 2-fold connected covering of Ui(7i) from 
Subsection 19.21 

We further have an embedding 

a: 0i^2{n)^0rcs{n), a{x) -.^ ^^Y{xl),x^ (43) 

of Banach-Lie algebras. On the subgroup Ui(7i) C Spiuj^ 2(^)1 integrates to 
a group homomorphism acig) '■— {g, %/ det{g)^^T:sig)) (cf Subsection 19. 2|) and 
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a integrates to a morphism of Banach-Lie groups oq: Spin;^ 2(^) ^ OrcsC^)- 
Combining this map with the canonical inclusion U(7i) ^ Oros(W), the equiv- 
ariancc of gq under conjugation with unitary operators implies the existence of 
a homomorphism 

pi: Spini 2(^) XI U(H) Orcs(W), (5,") ctgIs)"- 

The following proposition is proved as Proposition 19.51 using the represen- 
tation TTa instead of tts . 

Proposition 10.4 The homomorphism fi factors through an isomorphism 

JI: (Spini^2(^) X V{n))/keTfi ^ 6,cs(H)o 
of connected Banach-Lie groups with ker/i = SUi(7i). 

Remark 10.5 The embedding Oi.2(7i) ^ ?res('^) restricts in particular to an 
embedding Oi{H) ^ Oi.os('^)- One can show that the operators dTTa{x) are 
bounded for x e Oi{n) (cf. |AW64j . [NeMl Sect. V]), so that we obtain a 
morphism of Banach-Lie algebras 

01(H) ^ u(A(7i)), X ^ dTTa{x) - i tr(a;i)l. 

Definition 10.6 To determine the open cone W^^ for the spin representation, 
we have to take a closer look at natural cones in Orcs('H). Let UooiH) denote the 
ideal of compact skew-hermitian operators in u(7i) and recall the Calkin algebra 
Cal(7i) :— B{T-C) / BodTi-), where Boq{TC) denotes the ideal of compact operators 
in the C*-algebra BiTi). Then the surjection B{T-C) Ca\{B{'H)) induces an 
isomorphism 

Next we note that {x E Orcs(H): x* — x E Uoo(W)} is a closed ideal of Orcsl"^) 
which defines a quotient morphism q: Oros('W) ~^ u(Cal(7i)). We thus obtain an 
open invariant cone in Oics('W) by 

W^o,„,CH) 9"^(Cu(CaiCH))) ^{xe Oi.cs(W): - iq{x) « 0} 

(cf. Example 16. ip . We write Ws^^^ch) for its inverse image in the central exten- 
sion Orcs(H). 

Theorem 10.7 The spin representation (tTq, A(7i)) of the connected Lie group 
OicsCH) is semihounded with W^^^ — 

Proof. First we note that under U(?i) = T x U(?i) the spin representation 
decomposes into the irreducible subspaces A"(H) with 

Traiz,g){vi A ■ ■ ■ Av„) ^ zgvi A ■ ■ ■ A gvn for vi,...,Vn GU- 
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If ix < 0, then the corresponding operator on A"(7i) C 7^*^" is also < 0, and 
this impHes that 

Stt^ {t,x) = —t + Stt^ (x) < ~t < CO for X e Cu{n) ■ 

Writing 3 = M for the center of ?i.cs('H), we thus find that 3 x Cu{n) ^ 

Next we consider the decomposition of g = ?rcs(^) = ^ ffi p2, where 6 = 
3 X u(7i) and p2 — {x ^ o,:cs{'H) : Ix — — x/}. For the map 

i^:6xp2^0, (x, J/) i-> e'^'^^a; we then have dF(x, 0)(a, 6) = a + [6, x], 

which is invertible if and only if adx: p2 ^ p2 is invertible. This is in partic- 
ular the case for x — I, the complex structure of Ti.. Therefore the image of 
(3 X Cuc^)) X p2 has interior points, and since it is contained in the invariant 
subset the cone W^,^ = B{I„^)^ is non-empty. With Proposition 12 . 21 we 

now see that the representation (tTo, A(H)) is semibounded. 

To determine the cone WV^ , we recall from Remark 110.51 that for each x G 
Oi(H), the corresponding operator d7ro(a;) on A(H) is bounded. This means that 
Oi('^) C B^Iyr^) C Wtt^, and since iJ(W^7r„) is a closed ideal (Lemma l2.9f v)). it 
follows that 

In view of 'Oi.os(W) = + n, this proves that 
It therefore remains to show that 

i^.„nu(H)cc,(„)-Huoo(H). 

To verify this assertion, let A = A* he a, hermitian operator on H and 
dna{A) denote the corresponding operator on A"(H). Suppose that there exists 
an e > such that the range of the spectral projection P([e,oo[) is infinite 
dimensional. Then there exists for each n an orthonormal subset f 1 , . . . , d„ in 
this space. We then have 

(d7ra(A)(t;i A • • • A Vn),vi A • • • A u„) 

n n 

= "^{vi A • • • A Av-j A • • • A ui A • • • A «„) = '^{Avj,Vj) > ne, 

and this implies that dTTa{A) is not bounded from above. If, conversely, for 
every e > the spectral projection P{[s, oo[) has finite dimensional range, then 
A = A- + A+, where A- < and A+ is compact, i.e., iA g C^c^^) + Uoo(H). 
This imphes that the open cone W^^^ n u(7i) is contained in Cu{n) + ^ooCH). ■ 

Remark 10.8 (a) With a similar argument as in Remark 19.41 ones argues that 
under the action of the identity component Oios('W)o on the space A(7i) de- 
composes into two irreducible subrepresentations A°™^{'H) and A°'^^(7i). How- 
ever, the action of the full group Oics('W) is irreducible because the elements 
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g G Orcs('^) not contained in the identity component exchange the two sub- 
spaces A°™"(H) and A°^'^{n) f fPSMl p. 239]). 

(b) There is also an analog of the Banach-Lie algebra t)Spj.(,g(7i) acting irre- 
ducibly on A(7i) in the fermionic case. Here it is an infinite dimensional analog 
of the odd orthogonal Lie algebra S02n+i(R)- To see this Lie algebra, we define 
linear and antilinear rank-one operators on Ti. by 

Pv,iu{x) := {x,w)v and Py 'wix) := {■w,x)v 

and observe that P*^^ — and -P^_^ — Pw,v Therefore Qy^w ■— Py,w — 

Pw,y G Ui('W), and a direct calculation yields 

<iTra{Qy,w) = aQ{v)ao{w) ~ aQ{w)ao{v). 

As tr(Qi,^tu) = 2ilm{v,w), we obtain with the map a from (|43)) (Remark 110. 3p 

d7ra((T(Qt,,«,)) = d7ra(- Im(u, w),Qy^w). 

For the antilinear operators Qy y^ '■— Py^w — Pw,y we have Qy ,y G Oi(^) ^ 
0i,2(H) and 

^^a{Qv,w) = ao(-u)ao(w) - ao(w)ao(i;) = ao(w)ao(w) + ao(w)ao(w). 
Next we observe that the operators p{v) :— -^={ao{v) — a5(u)) satisfy 

[p{v),p{'w)] = i[ao(w) - a;5(w),ao(w) - a5(w)] 
= (ao(w)ao(w) + aQ{v)a^{w)) + (ao(u;)ao(w) - ao(w)ao(w)) + iliTi{v,w) 

= dTTa{lm{v,w),Q^ .^ - Qy^w) = ATTa{(T{Q^ .^ - Qy^w))- 

This calculation implies that we obtain on the direct sum 7i®Oi.2(7i) a Banach- 
Lie algebra structure with the bracket 

[{v, X), {v', X')] iXv' - X'v, [X, X'] + Q^^^ ~ Qy,^), 

and 

{v,X)^ p{v)+d7ra{a{X)) 

defines a representation by unbounded operators on A(7i), where the subalgebra 
H(BOi{H) is represented by bounded operators. A closer inspection shows that 
Ti(BOi(Ti) ~ Oi(HeM) is an infinite dimensional version of 02n+i(M) (cf. |Ne98|. 
p. 215]). 

Definition 10.9 LetXp C GL{T-Cm) be the set of orthogonal real- linear complex 
structures on the real Hilbert space TYr. This set parameterizes the complex 
Hilbert space structures on TYr compatible with the given real Hilbert space 
structure. 

Lemma 10.10 The following assertions hold: 
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(i) Ijs = 0(7i) n o{Ti) = {g E GL(7iR): = g ^ = —g} is a submanifold of 

0(H). 

(ii) The conjugation action of 0(7i) on 2p leads to a diffeomorphism Xp = 

0(H)/ U(7i). 

(iii) If- Ad(0„s(H))/ = {JElp:\\I-J\\2<^}^ 0„s(H)/U(H). 

Proof. (i) It only remains to show that Ip is a submanifold of 0(7i). For 
J G Tf3 we parameterize a neighborhood of J by the map o(7i) 0(7i), x i— > Je^ 
which is a diffeomorphism on some open 0-neighborhood U C o(7i), which we 
may assume to be invariant under Ad(J). That Je^ is a complex structure is 
equivalent to 

which is equivalent to = —xJ. We conclude that Tf3 is a submanifold of 0(7i) 
whose tangent space can be identified with the set of J-antilinear elements in 
0(H). 

(ii) Let I Cz If} he the canonical complex structure given by Iv = iv and 
J € 1/3 . Then TC = (Hr,/) and (Hr, J) are two complex Hilbert spaces whose 
underlying real Hilbert spaces are isomorphic. This implies that they have 
the same complex Hilbert dimension, i.e., there exists a unitary isomorphism 
g: (HrJ) (Hr, J), i.e., g e 0(H) with gl = Jg. Therefore 0(H) acts 
transitively on and the stabilizer of / is the subgroup U(H) (cf. |BMV68l 
Lemma 1]). Since its Lie algebra u(H) is complemented by the closed subspace 

p := {x e o(H) : Ix = -xl}, 

it follows that 0(H)/ U(H) is a Banach homogeneous space diffeomorphic to Tp. 

(iii) For g ^ gi + .92 G 0(H) the operator [I,g] — [I,g2] — 2/52 is Hilbert- 
Schmidt if and only if 52 is, i.e., g G Oi.os(H). This in turn is equivalent to 
glg^^ ~ I — [g,I]g^^ being Hilbert-Schmidt, so that 

Orcs(H) = {ge 0(H) : \\glg-' - Ih < 00} 

and therefore (ii) implies (iii). ■ 

Remark 10.11 A priori, the C*-algebra CAR(H) depends on the complex 
structure on H, but it can also be expressed as the C* -algebra generated by 
the hermitian elements b{f) := ■^[a{f) + a*{f)) satisfying 

{Hf),b{g)} = (5)} + hW{f),aig)} = i((.g,/) + (/, 5) )1 =/?(/, g)l. 

In this sense it is the C*-envelope of the Clifford algebra of (Hr,/3). From 
this point of view it is even more transparent why the group 0(H) acts by 
automorphisms. 

Now we can think of the Fock representation ttq as depending on the complex 
structure / on H, and any other representation ttqo ag is the Fock representation 
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corresponding to the complex structure gig ^ Elp. We thus obtain a map of 
into the set Ext(S'(CAR('W))) of pure states of CAR(H), mapping J :— glg~^ to 
ujj{A) := {■Ko{a~^{A))VL, 9). These states are called the Fock states of CAR(7Y), 
and in [BMV681 Thm. 3] they are essentially characterized as the pure quasi-free 
states (cf. Subsection 110.21 below) . 

Theorem 10.12 For the irreducible subrepresentation {tt^ , A'^^'^'^{Ti.)) of O^csi^H) 
the momentum set is the closed convex hull of the coadjoint orbit of A :— 
$7r„([f^])- This functional is given by 

X{t, X)^t on Oros(W) = K ® Orcs(H). 

Proof. We want to apply Theorem 15.111 For the subgroup K :— U(7i) C 
G := Orcs(H)o with Lie algebra 1 = i® u(H), we have 

gc=p+©tcffip-, where p± = ker(ad/ =F 2il) 

and / e u(7i) is the multiplication with i on 7i. 

Since the Lie algebra t of is complemented by the closed subspace p2 of 
antilinear elements in g, the coset space G/ K carries the structure of a Banach 
homogeneous space (cf. Lemma ri0.10|) . Moreover, the closed if -invariant subal- 
gebra ?c©P-i- determines on G/K the structure of a complex manifold for which 
the tangent space in the base point can be identified with Qc/i^c + P+) — P- 
C [Bel06l Thm. 6.1]). 

In view of §1, we obtain with |Ne02a[ Prop. V.8, Rem. V.lO(c)] that the 
group Oj-csCH) acts transitively on the homogeneous space O^csO^Ci Pc) I P ^ 
where P is the stabilizer of the subspace ^^©{O} C He (cf. Example 13. 2r d').fi)). 
From P n Orcs('^) = U(7i) it now follows that the action of the Banach-Lie 
group G on G/K actually extends to a holomorphic action of a complex group. 

Let Q, E A'^(7Y) be the vacuum vector. Then is a smooth vector which is 
an eigenvector for K. On A(7i), the operator — id7r(/) is diagonal, and A"(7i) is 
the eigenspace corresponding to the eigenvalue n. As —i ad / acts on p_ with the 
eigenvalue —2, it follows that d7ra(p-)n — {0}, so that Theorem 15.111 provides 
a holomorphic equivariant map 

ij:G/K^F{A{Hy), g ^ {■,na{gr'n) 

and a realization of (tTq, A°™"(7i)) by holomorphic sections of a complex line 
bundle over G/K. Since the representation (tTq, A''™"(7i)) of G is irreducible, fl 
is a cyclic vector. As we have argued above, the action of every one-parameter 
subgroup of G extends to a holomorphic action of C on G/K, so that Theo- 
rem [5?TlIc) implies that 1,^ is the closed convex hull of the coadjoint orbit of A. 
That A has the desired form follows as in the proof of Theorem 19.141 ■ 

10.2 Quasi-free representations 

Let P = P* = be an orthogonal projection on H, H- := imP, H+ 
kcr P, and F : 7i ^ 7i be an isometric antilinear involution commuting with P. 
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Then TP := (1 - P) + TP G 0(H). We write ao'-H ^ B{K{n)) for the map 
corresponding to the Fock representation of CAR(7i) f Remark IIP, ip . Twisting 
with the BogoUubov automorphism defined by rp, we obtain an irreducible 
representation (ttp, A(H)) of CAR(H) by 

ap{f) := ao((l - P)/) + al{TPf) - ^o(arp(/)) for / G 

i.e., Tip = ttq o a^-p. These representations are cahed quasi-free. For P = we 
recover the Fock representation defined by oq. Two quasi- free representations 
Op and ag are equivalent if and only if ||P — (5||2 < oo ( [PoStTO] ). 

Remark 10.13 The physical interpretation of P is that its range H- consists 
of the negative energy states and its kernel H+ consists of the positive energy 
states. For / G H+ we have ap{f)Q — and likewise a*p{f)n = for / G H-. 
This is interpreted in such a way that the creation operator a*p(f) cannot create 
an additional negative state from because all negative states are already filled 
(Pauli's Principle). Likewise, the annihilation operator ap{f), corresponding to 
the positive energy vector /, cannot extract any positive energy state from ft. 

The restricted unitary group Urcs(W, P) (cf. Example l3.2f c)) is a subgroup of 
0{H), and for all projections Q = gPg^^, g G Uros('W, P) we have 
ll-P — QII2 < 00, so that the equivalence of ap and aq leads to a projective 
unitary representation of Urcs(W) on A(7i) determined by 

(5)ap(/)^f (.9)* = ap{gf), feH,ge U,.es(H). 

Let Uics('W) denote the corresponding central extension and write tt^ for its 
unitary representation on A(7i). To see that we thus obtain a semibounded 
representation of a Lie group, we first note that we have an embedding 

l: U(H)-^0(H), g^Tpgrp 

for which Urcs(H,P) is precisely the inverse image of Oiesi'H) and that for 
g G Uros('H, P) we have 

'^a{TpgTp)ap{f)Tla{TpgTp)* = Tra{TpgTp)Tro{arpa{f))Tra{TpgTp)* 

= TTo{arpga{f)) = TTp{ag{f)) = ap{gf), 

so that the projective representation of Ures(H, P) on A{H) coincide with tt^ o t 
(cf. [Ot95[ p. 53]). It follows in particular that Ures('^, ^') — i-*Orcs{'H) is a Lie 
group, TT^ is a smooth representation, and since im(L(t)) intersects the cone 
Cu(H) ^ ^Ti-a) the representation is semibounded (cf. Proposition I4.7r iv)). 
More precisely, each element x = {x+,X-) G u{H+)®u{H-) with ix+ « and 
ix- ^ lies in W^p. This holds in particular for TplTp = /(I — 2P). 
In the physics literature, the corresponding selfadjoint operator 

Q:=-^d7rf(/)=d7r,(l-2P) 

is called the charge operator and 1 — 2P the one-particle charge operator. Its 
1-eigenspace is 7i+ and its — 1-eigenspace is 7i_. 



83 



Remark 10.14 The situation described above can be viewed as a "second 
quantization" procedure that can be used to turn a self-adjoint operator A 
on the single particle space Ti into a non-negative operator A on the many par- 
ticle space. In fact, let P := P{] — oo,0[) denote the spectral projection of A 
corresponding to the open negative axis. Then iA generates a strongly con- 
tinuous one-parameter group jA{t) ■= e**^ of IJ{H+) x IJ{H-) C U^csCH, P), 
and T^ailA{t)) = e**'^ is a one-parameter group of U(A(7i)) whose infinitesimal 
generator A has non-negative spectrum. 

For more details on the complex manifolds Orcs('^)/U('^) (the isotropic 
restricted Grafimannian) and UrcsC^, -P)/(U(-P(7i)) x U(7Y+)) (the restricted or 
Sato-Segal- Wilson Grafimannian) we refer to [PS86J and S\V98j, where one 
also finds a detailed discussion of the corresponding complex line bundles, the 
PfafRan line bundle Pf over Orcs(H)/ U(H) whose dual permits the even spin 
representation as a space of holomorphic sections, and the determinant line 
bundle Det over the restricted Grafimannian whose dual provides a realization of 
the representations of Ures('^j P) mentioned above. Physical aspects of highest 
weight representations of Ures('^) are discussed in [CL02| . 

11 Perspectives 

Classification problems: In the preceding sections we mainly discussed three 
prototypical classes of semibounded representations: highest weight representa- 
tions of the Virasoro group, the metaplectic representation on the bosonic Pock 
space and the spin representation on the fermionic Fock space. 

These representations are of fundamental importance in mathematical physics 
and homomorphisms from a Lie group G to Spj.(,s(7i), Orcs('^) or Uros('^, P) can 
be used to obtain semibounded representations of a central extension by pulling 
back the representations discussed above. This construction has been a ma- 
jor source of (projective) representations for loop groups G = G°°{E^,K) and 
Diff(§i) (cf. [ScGBi;, [PS86], ,Ca83], [CL02]). 

What still remains to be developed is a better global perspective on semi- 
bounded representations, including classification results on irreducible ones and 
the existence of direct integral decompositions. 

Problem 11.1 Classify all irreducible semibounded unitary representations of 
the groups Spj.cs('^), Orcs('^) and Uios('H, P), where H is a complex Hilbert 
space and P an orthogonal projection on TC. 

These classification problems are special cases of the more general problem 
of the classification of the projective semibounded unitary representations of 
the automorphism groups of hermitian Hilbert symmetric spaces. For the three 
groups above, the corresponding spaces of I'J^, Ip^^, resp., the restricted Grafi- 
mannian Grros('W, P) '■— {gPg^^ ■ g £ UrosCW, P)}- crucial difference between 
these spaces is that the first one is equivalent to a symmetric Hilbert domain 
(of negative curvature) and the latter two are positively curved spaces. This 
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difference is aiso reffected in tfie difference between tfie cones and in 
sPres{^) and Ores (H) (Tlieorems 130] and [TnT]). 

An even larger class of groups arises as automorphism groups of Hilbert flag 
manifolds such as the orbit of a finite flag in H. under the group U2('^). For a 
systematic discussion of these manifolds and the topology of the corresponding 
real and complex groups we refer to [Ne02a[ Sect. V] and for corresponding 
representations to [Ne04] . 

For loop groups of the form C°°(S^, K), K a compact connected Lie group, 
the irreducible projective positive energy representations can be identified as 
highest weight representations ( |PS86[ Thm. 11.2.3], |Ne01bl Cor. VII.2], and 
in particular [SeG81[ Prop. 3.1] for K — T). With the convexity theorems 
in [AP83j and |KP84j it should be possible to show that these representations 
are semibounded and one can hope for an analog of Theorem 18.221 asserting 
that every irreducible semibounded representation of the corresponding double 
extension either is a highest weight representation or its dual. In [ Ne09b| it 
is shown on the algebraic level that there also exist many interesting unitary 
representations of infinite rank generalizations of twisted and untwisted loop 
algebras, resp., their double extensions (so-called locally afhne Lie algebras). 
On the group level they correspond to (double extensions of) groups of the 
form C°"{S^,K), where i^T is a Hilbert-Lie group, such as U2(7i). It seems 
quite likely that all these representations are semibounded with momentum 
sets generated by a single coadjoint orbit. 

New sources of semibounded representations: Although many inter- 
esting classes of semibounded representations are known, a systematic under- 
standing of the geometric sources of these representations is still lacking. As we 
have seen above, on the Lie algebra level the existence of open invariant cones in 
a trivial central extension is necessary fRemark l4.8p . However, as the example 
V(S^) shows, it is not sufhcient (Theorem 18. 7|) . 

Clearly, the circle §^ plays a special role in many constructions, as the rich 
theory for central extensions of loop groups and the Virasoro group shows. Be- 
yond §^ , it seems that Lie algebras of conformal vector fields (as generalizations 
of V(Si)) (cf. Example [6T31 |MdR06j and [Se76] ) and Lie algebras of sections 
of vector bundles over Lorentzian manifolds (or more general "causal" spaces, 
^11096 ]) are natural candidates to be investigated with respect to the existence 
of semibounded representations. The latter class of Lie algebras is a natural 
generalization of loop algebras. Here an interesting point is that, although 
the conformal groups Conf (S^) = DifT(§^) of the circle and the conformal group 
Conf(§^'^) of the Lorentzian torus are infinite dimensional , for Lorentzian man- 
ifolds of dimension > 3 the conformal groups arc finite dimensional (cf. [Sch97p . 
In particular, it is contained in the list of MdR06j. This leads to the well-studied 
class of hermitian Lie groups (see in particular ^Se76| . [SJOSV78] . |H096j ). 

Coadjoint orbits: There is a symplectic version of semibounded represen- 
tations, namely Hamiltonian actions a: G y, M —> M with a momentum map 
$: M ^ q' for which the image of the momentum map is semi-equicontinuous. 
If G is finite dimensional and <I>(Af) is closed, then Proposition 12.71 implies that 
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there exists an x G g for which the Hamiltonian function Hx{rTi) := $(m)(x) is 
proper. In particular, $ is a proper map. In this sense the semi-equicontinuity 
of the image of $ is a weakening of properness, which is a useful property as far 
as convexity properties are concerned ( |HNP94] ). 

Even though we do not know in general to which extent coadjoint orbits of 
infinite dimensional Lie groups are manifolds, the orbit 0\ can always be viewed 
as the range of a momentum map $ : G — > g' , g i— s- Ad*{g)X corresponding to 
the left action of G on itself preserving the left invariant closed 2-form with 
ili{x,y) = X{[x,y]). This action is semibounded if and only if 0\ is scmi- 
equicontinuous. 

Since the momentum sets of semibounded representations always consists of 
semi-equicontinuous orbits, the identification of the set g^gq of semi-equicontinuous 
coadjoint orbits of a given Lie algebra is already a solid first step towards the 
understanding of corresponding semibounded representations. As we have seen 
in many situations above, a useful tool to study convexity properties of coadjoint 
orbits are projection maps : g — s- t, where t C g is a "compactly embedded" 
subalgebra, i.e., the action of e'^'^' on g factor through the action of a compact 
abelian group. As we have seen in Section [9l sometimes one does not want 
to project to abelian subalgebras and one has to study projections Pt'- Q i, 
where J is a subalgebra for which e*"^ ' leaves a norm on g invariant 

This is of particular interest to understand open invariant cones W C g 
because they often have the form 

w^Ad{G){wnt) with p{{w) = wr\i 

(cf. Theorem 16. 7[) . In this situation on needs convexity theorems of the type 

Pi{0^) C conv(Ad(iVG(e)).T) + C, 

where C is a certain invariant convex cone in i and NQ{t) C G is the normalizer 
of 6 in G (cf. [NcOOJ for finite dimensional Lie algebras). If t = t is abelian, then 
Nc{t) is an analog of the Weyl group. 

For infinite dimensional Lie algebras, not many convexity theorems are 
known. Of relevance for semibounded representations is the particular case 
of affine Kac-Moody Lie algebras ( |AP83j . |KP84| ). and for Lie algebras of 
bounded operators on Hilbert spaces the infinite dimensional version of Kostant's 
Theorem by A. Neumann ( Ncu02 ) is crucial. What is still lacking is a uniform 
framework for results of this type. 

A Smooth vectors for representations 

Let G be a Lie group with Lie algebra g and exponential function expg : g — > G. 
Further, let F be a locally convex space and tt : G ^ GL{V) be a homomorphism 
defining a continuous action of G on V. We write '^''"{g) := TT{g)v for the orbit 
maps and 

V°° := {v eV-.TT^'e C°°{G, V)} 
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for the space of smooth vectors. In this appendix we collect some results of 
|NelO) that are used in the present paper. Let 



d7r: g ^ End(F°°), d7r(x)u := — 

at 



t=o 



7r(exp tx)v 



denote the derived action of g on V°° . That this is indeed a representation of 
g follows by observing that the map V°° — + C^{G,V),v t-^ tt^ intertwines the 
action of G with the right translation action on C°°{G, V), and this implies that 
the derived action corresponds to the action of g on C°°{G, V) by left invariant 
vector fields (cf. [NeOlbi Rem. IV.2] for details). 

Definition A.l Let G be a Banach-Lie group and write V{V) for the set of 
continuous seminorms on V. For each p e ViV) and n G No we define a 
seminorm p„ on by 

Pniv) := sup{p(d7r(a;i) • • • d7r(x„)u) : \\x^\\ < 1} 

and endow V°° with the locally convex topology defined by these seminorms. 

Theorem A. 2 // (tt, V) is a representation of the Banach-Lie group G on the 
locally convex space V defining a continuous action of G on V , then the action 
a{g, v) := Tr{g)v of G on V°° is smooth. If V is a Banach space, then V°° is 
complete, i.e., a Frechet space. 

Theorem A. 3 // (tt, Ti.) is a unitary representation of a Lie group G, then 
V € Ti. is a smooth vector if and only if the corresponding matrix coefficient 
Tr^'^(g) :— {Tr{g)v,v) is smooth on a 1 -neighborhood in G. If, in addition, v is 
cyclic, then the representation is smooth. 

In the following we write u for the image of a unitary operator u € U(7^) in 
the projective unitary group P\J{H) := U(H)/T1. 

Theorem A. 4 Let G be a connected Lie group, Ti. a complex Hilbert space 
and tt: G ^ U(7Y) be a map with n(l) = 1 for which the corresponding map 
7f: G — > PU(7i) is a group homomorphism. 

If there exists a v d Ti. for which the function {g,h) i—^ {'K{g)T:{h)v,v) is 
smooth on a neighborhood of (1, 1) in G x G, then the central extension 

G ■.= Tf*V{n) = {{g,u) e G X V{n): Tf{g) = u} 

of G by T is a Lie group and v is a smooth vector for the representation (tTjTY) 
o/G by TT{g,u) := u. 

Proof. To exhibit G as a Lie group, we have to show that there exists a 
section a: G ^ G for which the corresponding 2-cocycle 

/<t(51,52) = Cr(5l)o-(ff2)o-(gig2)~^ 
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is smooth in a neie hborhood of (1, 1) (; |Ne02bl Prop. 4.2]). Here we use that G 
is connected. A particular section a: G ^ G is given by a{g) = {g,TT{g)). 
Let [/ C G be an open 1-neighborhood such that 

{TT{g)v,TT{h)-'^v) ^0 for g,heU. 

Its existence follows from our continuity assumption. If [/' C [/ is an open 
1-neighborhood with U'U' C U, we then have for gi,g2 G U' 

f<7{gi,g2){TT{gig2)v,v) = {TT{gi)Tr{g2)v,v), 

which leads to 

f ( ^ (7r(.gi)7r(.g2)w,w) 

Ja[gi,g2) - 



(7r(gi52)w,w) 

Therefore /o- is smooth in a neighborhood of (1,1). This shows that G is a Lie 
group and the multiplication map G x T ^ G, (g, i) {g, t'K{g)) is smooth in a 
neighborhood of 1 (^ [NeQ2b[ Prop. 4.2]). The representation vf now satisfies 

which is smooth in a neighborhood of 1. Now Theorem IA.3I implies that w is a 
smooth vector for the representation tt . ■ 



Remark A. 5 The assumption that G is connected in the preceding theorem 
can be removed if G is a Banach-Lie group. In this case we assume, in addition, 
that 7f is continuous in the sense that all functions g i— > \{n{g)v,w)\ on G are 
continuous (cf. [Mag92[ p. 175]). Then G is the puUback of a central extension 
of topological groups U('W) PU(7^), hence in particular a topological group 
with respect to the topology inherited from G x U(7i). Under the assumptions 
of Theorem IA.4[ the central extension Go of the identity component Gq of G 
carries a natural Lie group structure compatible with the given topology on G. 
For each g G G, the conjugation map Cg induces a continuous automorphism of 
the Banach-Lie group Go, and since continuous homomorphisms of Banach-Lie 
groups are automatically smooth ( jNe06|, Thm. IV. 1.18]), Cg also defines a Lie 
automorphism of Go. This implies that G carries a unique Lie group structure 
which coincides on the open subgroup Gq with the given one (see also |Ne02bl 
Rem. 4.3]). 

Remark A. 6 In the situation of Theorcm lA.4[ the Lie algebra cocycle defining 
the central extension g — L(G) of g by M in the sense that 

g = M 0^ 0, [{t, x), (t', x')] = {v{x, x'), [x, x']) 

can be calculated as follows. 

If dvr: g — + End(7i°°) is the map obtained from the representation dn via 
d7r(a;) := d7f(0, x), then we have for each unit vector v E 0,°° the relation 

[d7r(a;), dTr{y)]v — d7r([2;, y])v + iri{x, y)v, 
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so that 



r]{x, y) = Ini([d7r(a;), d7r(j/)]t;, v) - Im(d7r([a;, y])v, v) 
= 21m{d'7r{x)v,d7r{y)v) + i{dn{[x,y])v,v) . 

B The cone of positive definite forms on a Ba- 
nach space 

Let be a Banach space and Sym^(V, R) be the Banach space of continuous 
symmetric biUnear maps (3: V x V ^R, endowed with the norm 

II/3II :=supmv,v)\: \\v\\<l}. 

Clearly, the set Sym^(y, R)+ of positive semidefinite bilinear maps is a closed 
convex cone in Sym^(l/, M). 

Lemma B.l The cone Sym^(y,IR)+ ha,s interior points if and only ifV is topo- 
logically isomorphic to a Hilbert space. If this is the case, then its interior con- 
sists of all those positive definite forms j3 for which the norm ||t;||/3 := \/ f3{v, v) 
is equivalent to the norm on V. 

Proof. Suppose first that V carries a Hilbert space structure /3. Replacing 

the original norm by an equivalent Hilbert norm, we may assume that is a 
real Hilbert space. Then Sym2(l/,R) can be identified with the space Sym(F) 
of symmetric operators on V by assigning to A G Sym{V) the form I3a{v, v) = 
{AvjW), satisfying 

\0a{v,v)\ = \iAv,v)\ < \\A\\\\vf, so that \\i3a\\ < \\A\\. 

The polarization identity 

{Av,w) = f3A{v,w) = ^{(3a{v -\- w,v + w) - (3a{v - w,v - w)) 

further implies that \\A\\ < 2/3^, so that the Banach spaces Sym{V) and 
Sym^(T^, R) are topologically isomorphic. The identity idy = 1 is an interior 
point in the cone of positive operators, Sym^(V,M)_|_ has interior points. 

Suppose, conversely, that (3 e Sym^(y, R)+ is an interior point. Then 
+ is a 0-neighborhood in Sym^(V", R), which implies the existence 
of some c > such that ||7|| < c implies "/(v^v) < j3{v,v) for all v ^V. Fixing 
fo S V, we pick a G V with ||a|| = 1 and a{vo) — \\vo\\- Then j{v,w) := 
cQ:{v)a{w) is a symmetric bilinear form with ||7|| = c||q|P = c. We therefore 
obtain 

cll^^oll^ = 'y{vo,vo) < (3{vo,vo) < ||/3||||wo||^, 

showing that /3 is positive definite and that the norm ■^/(3{v,v) is equivalent to 
the norm on V. ■ 
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Remark B.2 Let {V,oj) be a weakly symplectic Banach space, i.e., w is a non- 
degenerate skew-symmetric bilinear form. Then 

5p{V, Lo) := {X e B{V) : (Vu, w e V) uj{Xv, w) + uj{v, Xw) = 0} 

is the corresponding symplectic Lie algebra. In particular, X E B{V) belongs 
to 5p(V,uj) if and only if the bilinear form uj{Xv,w) is symmetric. The cor- 
responding quadratic function Hx{v) := ■^uj{Xv,v) is called the Hamiltonian 
function defined by X . 

If there exists a.n X G sp{V, lo) for which (w, w) :— lu{Xv, w) defines a Hilbert 
space structure on V, then each continuous linear functional a G V' is of the 
form iyLU for some v €V. This means that {V,uj) is strongly symplectic, i.e., the 
map : V V' ,v t—^ iyUj is surjective, hence a topological isomorphism by the 
Open Mapping Theorem. We further see that X is injective. To see that it is 
also surjective, let u G V and represent the continuous linear functional i„w as 
{w, •) for some w G V. Then lu{u, v) = (w, v) = uj{Xw, v) for all v gV , and thus 
Xw = u. Hence X is a topological isomorphism, satisfying uj{u, v) = {X~^u, v) 
for v,w CzV. This further implies that X is skew-symmetric. 

Proposition B.3 Let (V,lu) be a strongly symplectic Banach space. Then the 
convex cone {X g sp(V,Ltj): Hx > 0} has interior points if and only if V is 
topologically isomorphic to a Hilbert space. If this is the case, then there exists 
a complex structure I € sp{V, w) for which Hj defines a compatible Hilbert space 
structure on V , i.e., 

Lo{v, w) — Im(u, w) 
for the underlying complex Hilbert space. 

Proof. (cf. [AM781 Thm. 3.1.19]) If /3: 1/ x 1/ ^ M is a symmetric bilinear 
form, then ^p-.V^ V',v i-^ i^jd also is a continuous linear map, and B := 
$ J ^0$^; V ^ V \s continuous linear with 

u}{Bv,v) = ^^{Bv){v) = ^f}{v){v) = I3{v,v), 

so that every symmetric bilinear form can be represented by an element of 
5p{V, oj), and we obtain a topological isomorphism sp(^^, = Syvc?{y, R). Com- 
bining this with Lemma IB. II proves the first assertion. 

We now assume that y is a real Hilbert space with the scalar product 
iv, w) = uj{Xv, w), where X is as above. Then A := X^^ is an invertible skew- 
symmetric operator with uj{v,w) = {Av,w). Then the complex linear extension 
Ac to the complex Hilbert space Vc yields a self-adjoint operator iAc. The 
complex conjugation a of Vc with respect to V now satisfies aoiAcoa = —iAc, 
so that Spec(«^c) is a compact symmetric subset of M, not containing 0. We 
therefore have an orthogonal decomposition Vc — V+ (B V- into the positive 
and negative spectral subspaces of iAc. Since cr(V±) — V^, we obtain an iso- 
morphism V = V-f-, and hence a complex structure / on V, corresponding to 
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multiplication by i on V+. This means that v+ G V+ with v = v+ + (t{v+) 
satisfies 

(j{Iv, v) = {AIv, v) = {AI(v+ + <7(v+)), v+ + <t{v+)) 

= {Ac{iv+ - ia{v+)), v+ + a{v+)) = i{Ac{v+ - a{v+)), v+ + a{v+)) 
= i{{Acv+,v+) - {v+,Acv+)) = 2{iAcv+,v+), 

so we obtain a complex structure I onV for which the Hamiltonian Hj defines a 
Hilbert structure on V. Since / is skew-symmetric, {V, I) inherits the structure 
of a complex Hilbert space with respect to the scalar product 

{v, w) := Lj{Iv, w) + iui{Iv, Iw) = u>{Iv, w) + iui{v, w). 

Therefore our assumption leads to the representation of w as lv{v, w) = Im(f , w) 
for a complex Hilbert space structure on V. m 

C Involutive Lie algebras with root decomposi- 
tion 

Definition C.l (a) We call an abelian subalgebra t of the real Lie algebra 
a compactly embedded Cartan subalgebra if t is maximal abelian and adt is 

simultaneously diagonalizable on the complexification gc with purely imaginary 
eigenvalues. Then we have a root decomposition 

£lc = tc + ^ So 

qGA 

where Qc = {x £ gc- (V/i e tc)[/i,a;] — a{h)x} and 

A:= {Qet£\{0}:flg5^{0}} 

is the corresponding root system. 

If cr: 0c — > flc denotes the complex conjugation with respect to fl, we write 
X* := —<j{x) for X € gc, so that Q = {x £ gc- x* = —x}. We then have 

(11) a(x) e M for X e it. 

(12) a(0g) = flc" for a e A. 

Lemma C.2 For ^ Xa € subalgebra gc{xa) '■= spanjxa, x* , 

is a-invariant and of one of the following types: 

(A) The abelian type: [a;Q,,a;*] — 0, i.e., gcixa) is two dimensional abelian. 

(N) The nilpotent type: [xa,x%] ^ and Q;([a;a,a;*]) = 0, i.e., gc{xa) is a three 
dimensional Heisenberg algebra. 
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(S) The simple type: a{[xa,x%]) ^ 0, i.e., Qc{xa) — sl2(C). In this case we 
distinguish the two cases: 

(CS) a{[xa,x*J) > 0, i.e., 0c(a;a) n g = SU2(C), and 

(NS) a{[xa,x*J) <0, I.e., gc{xa) r\ g = suia{C) ^ sl2{R). 

Proof. First we note that, in view of a;* G 0c" ; |Ne981 Lemma 1.2] applies, 
and we see that gc{xa) is of one of the three types (A), (N) and (S). We note 
that a{[xa,x'^]) € M because of (12) and [xa,a;*] S it. Now it is easy to check 
that 0c(a^a)ng is of type (CS), resp., (NS), according to the sign of this number. 



The following proposition provides useful information for the analysis of 
invariant cones and orbit projections. Here we write pi'. Q t for the projection 
along [t, g] — J^aiSc + 0c") ^ fl' ^^'^ Pt* ■ 0* ^ for the restriction map. 

Proposition C.3 Let x e t, Xa G 0c o,''^d,X e t*. Then the following assertions 
hold: 

, a At -\ ["^^ Ci{x)\x*,Xa\ for a{\xa,x*\)<Q 

^ ^"^'^ ' "+\[0,2],j([^[<,x„] V «([.„,<]) >0. 

(ii) p,(e«-*(— OA) =x+l^^'}B:i'' "SI""'""!; - ' 

l[0.2] ^ii:::::|i a V a([a;„,<])>0. 

Proof. (i) is an immediate consequence of |NeOO[ Lemma VIL2.9], and (ii) 
follows from (i) and the relation pt* (A)(e''^^a;) = A(pt(e'*^^x)). ■ 



D Some facts on Fock spaces 

Let 7i be a complex Hilbert space. We endow the 7i-fold tensor product with 
the canonical Hilbert structure defined by 

n 

{V\® ■ ■ ■ ®Vn,Wx® ■ ■ ■ ® Wn) '"'j), 

J = l 

and form the Hilbert space direct sum T{U) := ©^gN^W*^". In we write 
S^{Ti) for the closed subspace generated by the symmetric tensors and K^{Ti) 
for the closed subspace generated by the alternating tensors. We thus obtain 
subspaces 

^(^)-e„,.„^"(^) A(7^):^e^^^^^A«(H) 



92 



of TiTi.) and write Ps, resp., Pa for the corresponding orthogonal projections: 



o-eS„ 



and ^ 

PaUl fn) = — Y Sgn(cr)/o.(i) «)•••«) /<^(„). 



n! 

The dense subspace S{H)o := X]n>o'^"(^) of carries an associative 

algebra structure, given by 

/iV---V/„:=\/^P,(/i 

and likewise A(7i)o J2n>o ^"(^) inherits an algebra structure defined by 

/i A---A/„ :=V^Pa(/i 

A unit vector in the one-dimensional space 5*" (7i ) = A° (7i ) is called a vacuum 
vector. 

Lemma D.l We have 



TVS=J[''^''^]Ps{T^S) for T e S'"{n),S e S"'(n) (44) 



n 



and 



TAS^J[''^]Pa(T(g>S) for T e A"(7^), G A"(7^). (45) 



n 



Proof. For the symmetric case we first note that /" — Vnlf^^, so that 



Since the elements /" generate S"{'H) topologically, (|44| follows. 

For the alternating case we obtain for T = /i A • • • A /„ and S = gi f\ - ■ ■ f\g„ 
the relation 

^ T AS = Pa{fl®---®grn) 



{n + m)\ 



Pa{Pa{fl®---® fn)®Pa{gi®---®gm)) - -^^Pa{T®S). 

V rj!m! 
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Remark D.2 (a) For the norms of the product of T € S"'{'H) and S e S'™(H), 
wc obtain with (l44l) 



+ m)! \/n!%An! 
From that we derive for T £ S'^ {Ti.) and n e N the relation 

^ "r"i| < f^||T|| 



y/(kny. ~ 
and for T G S^iJi) we find in particular 

ll^l'^Eyi^ill^-ll'^ETSrll^ll^"' (46) 

r!=0 ^ n=0 ^ 

which converges for ||T|p < i. 

(b) For T e A"(7^) and 5 G A™(7^) we likewise obtain with gS]) 

1 11^,51, < mi ii^ii 



-\/(ri + m)! " VnlVm-! 

which leads for T e k^{n) to 

r!=0 ^ n=0 ^ 

Lemma D.3 Let A be an antilinear Hilhert-Schmidt operator on TL and define 
A* by {A*v,w) ~ {Aw,v). If A* ~ A, then there exists a unique element 
AeS^in) with 

{AJ^V f2) = {Af^j2)f for fi,f2en, 
and if A* = ^A, there exists a unique element A G A^(7i) with 

(l,/iA/2) = (A/i,/2) for fi,f2eH. 
Moreover, the following assertions hold: 

(i) ur-mii 

(ii) If A and B are hermitian and antilinear, then {A, B) — ^tr{AB). 

(iii) If A and B are skew- hermitian and antilinear, then {A, B) = — ■itr(A_B). 

Proof. (a) First we consider the case where A* — A. Let {ej)j^,j be an 
orthonormal basis of Ti. Then we have in S'^{Ti) the relations 

\\e]f = 2\\ej®ejf ^ 2 and ||ejVefc|p = 2|| i(ej(g)efc+efc®ej)f = 1, j^k. 
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If < denotes a linear order on J, we thus obtain the orthonormal basis 

-^el e.Vcfc, j<k, of S^H). 

This leads to 

||Af = 5^ 11(1, 6,2)1^ + 5^1(1, e,-Ve,)|2 

j 3<k 

= 5]i|(Ae„e,-)p + ^|(Ae,,efe)|2 = ip||2. 

j j<k 

For A* = — A we similarly get 

\\Ar = E K^.e, V e,)|2 = J2\{Aej,ek)\' = '^\\A\\l. 

]<k j<k 

(b) Let Herni2(H)o denote the complex subspace of hermitian antilinear 
Hilbert-Schmidt operators. Then the prescription {A,B) := tr(^B) = tr{AB*) 
defines a sesquilinear form on this space with 

tT{AB) = ti{{AB)*) = ti{B*A*) = ti{BA), 

so that it is hermitian. Its restriction to the diagonal satisfies 

{A, A) = tv{A^) = ^{A^ej,ej} = ^{Ae„Aej} = \\A\\l 

In view of (a), polarization implies that tr(Ai?) = {A,B) = 2(1,5) for A,B£ 
Herm2(W) 

a* 

(c) For the space Ahcrm2(7i)a of skew- hermitian antilinear Hilbert-Schmidt 
operators the same argument works with {A, B) := — iv{AB) = tr{AB*). ■ 
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